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BY
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Introduction. The purpose of this paper is to study the ring C(X, Z) of all

integer-valued continuous functions on a topological space X. Our subject is

similar in many ways to the ring C(X) of all real-valued continuous functions

on X. It is not surprising therefore that the development of the paper closely

follows the theory of C(X).

During the past twenty years extensive work has been done on the ring

C(X). The pioneer papers in the subject are [8] for compact X and [3] for

arbitrary X. A significant part of this work has recently been summarized in

the book [2]. Concerning the ring C(X, Z), very little has been written. This

is natural, since C(X, Z) is less important in problems of topology and analy-

sis than C(X). Nevertheless, for some problems of topology, analysis and

algebra, C(X, Z) is a useful tool. Moreover, a comparison of the theories of

C(X) and C(X, Z) should illuminate those aspects of the theory of C(X)

which derive from the special properties of the field of real numbers. For these

reasons it seems worthwhile to devote some attention to C(X, Z).

The paper is divided into six sections. The first of these treats topological

questions. An analogue of the Stone-Cech compactification is developed and

studied. In §2, the ideals in C(X, Z) are related to the filters in a certain

lattice of sets. The correspondence is similar to that which exists between the

ideals of C(X) and the filters in the lattice of zero sets of continuous functions

on X. This theory provides a characterization of those ideals of C(X, Z)

which are intersections of maximal ideals. §3 is concerned with the space of

maximal ideals in C(X, Z). In §4, some existence theorems for maximal ideals

are proved. The residue class fields of C(X, Z) modulo maximal ideals are

studied in the last two sections. It turns out that those of prime character-

istic are trivial: the integers modulo the characteristic. The residue class

fields of characteristic zero are distinctly nontrivial. In §5, the cardinality of

such fields is investigated. The main result is that they are always uncounta-

ble. In §6, the algebraic properties of the zero characteristic residue class

fields are examined. It is shown for example that these fields are always quasi-

algebraically closed.

As we noted above, very little has been published concerning the ring

C(X, Z). Nevertheless, a considerable number of "folk theorems" exist in

the subject. One of our objectives in writing this paper is to get these results
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into general circulation as concisely and efficiently as possible. Use is made of

many people's ideas. H. H. Corson, Leonard Gillman and J. R. Isbell deserve

special mention. But above all the paper owes its existence to Edwin Hewitt,

who first stimulated the author's interest in C(A, Z). Several theorems pre-

sented here are direct consequences of extended discussions with Hewitt.

They are truly the products of joint research. For this generous help, the

author extends his sincerest thanks to Professor Hewitt.

Our notation is largely taken from (or patterned after) [2]. As usual, Z

represents the ring of integers and Q denotes the field of rationals. For any

nEZ, let Z„ be the residue class ring of Z modulo the ideal generated by n.

Following [2], if nEZ, the symbol n represents the constant function (on

the space under consideration) whose value at each point is n. The set of all

rational primes is denoted by II. The cardinal number of a set 5 is designated

|S|. The symbols for set and ring operations are standard. We use JJ, R,

to represent the direct product of the family of rings {Ri\. Finally, C*iX, Z)

will denote the ring of all bounded, integer-valued, continuous functions on X.

1. Topological considerations.

1.1. Let X be an arbitrary topological space. By a partition of X, we

will mean a countably infinite collection { Ff}4" ! of open subsets of X such

that ViC\Vj = 0 if ijéj and \JiV¡ = X. The partition is called infinite if
infinitely many V,- are nonempty. Otherwise it is called finite. It is clear that

each Vi in a partition is both open and closed. In fact, the union of any subset

of a partition is open-and-closed. The Boolean algebra of all open-and-closed

subsets of X will be designated by 93(A"), or simply 58 where reference to the

space X is unnecessary.

1.2. Lemma. Let { Vi] be a partition of X. Suppose that for each i, ft

ECiVi, Z). Define f: X-*Z by fix) =/<(*) for xE Vi. Then fE C(X, Z).

An important case of this lemma is where each /,■ is constant on Vi.

1.3. Along with the usual ring and lattice operations, it is possible to

form quotients, remainders and greatest common divisors in C(A, Z) and

C*(X, Z).

Lemma 1.3.1. Lelf, gEC(X, Z). Then functions d and r exist in C(A, Z)

such that f=dg + r and | r(x) <\g(x)\ if gix)^0. Moreover, d and r can be

chosen so that \d\ ú\f\ and r\ g |/|. In particular, if /£C*(X, Z), then it

can be assumed that d and r are also in C*iX, Z).

Lemma 1.3.2. Let f, gECiX, Z). Let d: X—>Z be the non-negative function

such that dix) is the greatest common divisor of fix) and g(x) for all xEX. Then

dECiX, Z). Moreover, there exist functions a and b in C(X, Z) such that

d = af-\-bg. If f and g belong to C*iX, Z), then dEC*(X, Z) and it is possible
to choose a and b in C*iX, Z) also.
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These lemmas follow easily from 1.2, using the fact that if { £/,•} and { F,}

are partitions of X, then so is { Uif\ V¡}.

We will denote the non-negative greatest common divisor of / and g by

(/, g).
1.4. Let ^ be a continuous mapping of X into Y. Let <f>* be the mapping

of C(Y, Z) into C(X, Z) defined by

(p*f)(x) = f(<px).

It is evident that <p* is a ring homomorphism. We will call <p* the adjoint

of the mapping <j>. Note that <p* maps C*(Y, Z) into C*(X, Z).

Lemma 1.4.1. <p* is one-to-one if and only if Y contains no nonempty open-

and-closed set disjoint from <p(X).

Proof. If U is open-and-closed in Y and Ur\<p(X) = 0, then d>*xu = 0,

where xu is the characteristic function of U. Conversely, if /^O in C(Y, Z)

and <b*f = 0, then U= \yEY\f(y)9i0\ is a nonempty open-and-closed set in

Y which is disjoint from <b(X).

Definition 1.4.2. If <b* maps C(Y, Z) onto C(X, Z), then tj> is called a

Cz-injection. If <£* maps C*(Y, Z) onto C*(X, Z), then <b is called a Cf-

injection. If <p is also one-to-one and bicontinuous, then it is called a Cz-

embedding (respectively C|-embedding).

Evidently, a one-to-one continuous mapping <p of X into F is a Cz-

embedding (Cf-embedding) if and only if every fE C(<pX, Z) (respectively,
C*(pX, Z)) can be extended to a continuous, integer-valued function on Y.

1.5. Let 5 be a subset of C(X, Z). Define Ps to be the topological product

of the discrete spaces f(X), fE S. Let (bs be the mapping from X into Ps de-

fined by mapping x into the point ( • • • f(x) • • ■ )/es. Obviously, cps is con-

tinuous. For each fE S, let/o be the function mapping Ps into Z defined by

fo( ■ ■ • x/ ■ • ■ )=x/. That is, /o is the projection of Ps onto the/-coordinate.

Hence,/o is continuous. By definition, fo(<t>s(x)) =f(x) for all xEX. In other

words, the adjoint of (¡>s maps/o onto/. These observations yield the following

results in the special cases 5= C(X, Z) and S=C*(X, Z).

Theorem 1.5.1. Any space X admits a Cz-injection into a topological prod-

uct of countable discrete spaces.

Theorem 1.5.2. If X is any space, there is a continuous mapping of X into

a compact, totally disconnected (Hausdorff) space 8X such that the adjoint map-

ping is an isomorphism of C*(8X, Z) onto C*(X, Z).

Proof. Let S=C*(X, Z) and define 8X to be the closure of <j>sX in Ps.

Since/(X) is finite for each f ES, the Tychonoff theorem implies that Ps is

compact.

1.6. We will show that the space 8X and the mapping of X into 8X (ob-

tained in 1.5.2) are unique. First note that the isomorphism of C*(8X, Z)
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onto C*iX, Z) carries idempotents onto idempotents. Therefore, the Boolean

algebras 58(ÔX) and 58(A) are isomorphic. Since SX is compact and totally

disconnected, it is homeomorphic to the Boolean space of 58(5X) (see [8]).

Theorem 1.6.1. Up to homeomorphism, there is one and only one compact,

totally disconnected space SX such that C*(X, Z)=C*(5X, Z), namely, the

Boolean space of 58(A).

Theorem 1.6.2. Suppose that Fi and Y2 are compact, totally disconnected

spaces and that pi and <p2 are continuous mappings of X into Yi and Y2 such

that <j>* is an isomorphism of C*( Fi, Z) onto C*(A, Z) and <¡>* is an isomorphism

of C*iYi, Z) onto C*iX, Z). Then there is a homeomorphism p of Yi onto Yi

such that <pi=p<p2.

Proof. Since <p*~x<bi is an isomorphism of the Boolean algebra of idem-

potents in C*(Fi, Z) on the Boolean algebra of idempotents in C*iY2, Z),

there is a homeomorphism p of Y2 onto Yi such that yp* = <p*~l<pi, at least on

the idempotents (see [8]). Then (pp2)* = (p* (on idempotents). Suppose

p<p2ix)9ipiix). Choose an open-and-closed set U in Fi containing <pi(x) but

not ^</>2 (x). Then 0i*x £/(*:) =Xu(<pi(x)) = l¿¿0 = xuip<pi(x)) = ip<p2)*xv(x), a con-

tradiction. Thus, yp<i>i = <bi.

Because of these theorems, we are justified in introducing the special

symbols SX for the space having the properties described in 1.5.2. Moreover,

the injection of X into SX is sufficiently unique to be given a name. Let 0

designate this mapping.

It follows easily from the definition of the adjoint homomorphism that if

U is an open-and-closed set in SX, then

0*\u = xrlv.

This identity, together with the fact that 0* maps the idempotents of

C*(X, Z) onto idempotents, yields

Lemma 1.7.1. If V is an open-and-closed set in X, there is an open-and-

closed set U in SX such that V = 6~1iU). Hence, 0(7) is open-and-closed in 0(A).

Moreover, B(X- V) =0(X) -0(F).

Corollary 1.7.2. The injection 0: A—»SA is one-to-one if and only if the

open-and-closed sets of X separate points. It is an embedding if and only if X

is a Ti-space and the open-and-closed sets form a basis for the topology.

Two sets 5 and T in a space X are said to be completely separated if there

is a real-valued, continuous function on X which takes the value zero on 5

and the value one on T.

Theorem 1.7.3. Let Xbea completely regular space and let ßX be the Stone-

Cech compactification of X. Then ßX is homeomorphic to SX if and only if every

pair of completely separated sets in X are separated by an open-and-closed set.
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Proof. By 1.6.2, ßX is homeomorphic to SX il and only if ßX is totally

disconnected. Moreover, for a compact Hausdorff space, total disconnectivity

is equivalent to the condition that completely separated subsets are separated

by an open-and-closed set. Finally, since every bounded, real valued, con-

tinuous function on X has a unique extension to ßX, the condition that com-

pletely separated sets are separated by open-and-closed sets is satisfied in

ßX if and only if it is satisfied in X.

Remark. An example of a metric space in which the open-and-closed sets

separate points, but do not form a basis can be found in [2, 16L]. This same

reference (see 16M) contains an example of a space X such that X is not

totally disconnected, but X does have a basis of open-and-closed sets.

1.8. As in the case of C(X), the structure of C(X, Z) is relatively simple

if X has the property that all of its integral-valued, continuous functions are

bounded.

Definition 1.8.1. A space X is called Z-pseudocompact (abbreviated

ZPO if C(X, Z) = C*(X, Z).
The notion of Z-pseudocompactness is an obvious analogue of pseudo-

compactness introduced in [3]. Any pseudocompact space is ZPC. So is any

connected space.

Lemma 1.8.2. The following conditions on a topological space X are equiva-

lent.

(a) X admits an infinite partition (see 1.1).

(b) There is a continuous mapping of X onto the discrete space of positive

integers.

(c) X is not Z-pseudocompact.

Proof, (a) implies (b) by 1.2; (b) implies (c) obviously; (c) implies (a),

since if fEC(X, Z)-C*(X, Z), the set of all F„= [xEX\f(x)=n] is an in-
finite partition of X.

1.9. We now examine the relation between ZPC spaces and pseudocom-

pact spaces. Let 6: X-+8X be the canonical mapping defined in 1.6.

Lemma 1.9.1. 6* maps C(8(X), Z) isomorphically onto C(X, Z).

Proof. By 1.4.1, 8* is one-to-one. LetfEC(X, Z). Uf(x)^f(y), then there
exists an open-and-closed set U containing x but not y. Therefore 8x9i6y by

1.7.1. Thus, there is a function g: d(X)-^Z such that g(0x) =/(x) for all xEX.

If nEZ, then g~1({n}) = {dx\g(6x)=n} = \0x\f(x)=n} =6({x\f(x)=n}) is
open in 9(X) by 1.7.1. Therefore g is continuous and f=d*g. Since / was

arbitrary, 6* is onto.

It is clear that if 8X is identified with the Boolean space of all ultra-

filters of $}(X), then d(X) is the subspace consisting of all ultrafilters with a

^nonempty intersection. Thus, the topological structure of 6(X)  is easily
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determined from X. Note that 0(A) is a Hausdorff space in which the open-

and-closed sets form a neighborhood basis. Such spaces play the same role

in the theory of C(X, Z) as the completely regular spaces play in the theory

of C(X).

Lemma 1.9.3. // the space X has a basis of open-and-closed sets, then X is

Z-pseudocompact if and only if it is pseudocompact.

Proof. Suppose/is an unbounded, real-valued function on X. Then there

is a sequence Xi, x2, ■ ■ • , Xi, • • • of points in X, and a sequence fi, r2, • • • ,

r,-, ■ • • of real numbers tending to infinity such that n< |/(xi) | <r2< \fix2) |

< • • • <r¡ < |/(x,-) |<---. Since X has a basis of open-and-closed sets and

/ is continuous, there exist open-and-closed sets F,- with x,- E F,-

Q{xEX\ri<\fix)\ <ri+i].  In particular,   V{r\Vj = 0 if i¿¿j.  Moreover,

Vo = X - U Vi = U ({* E X\ ¡fix) |   < ri+i] - (Fi W Vi U ■ ■ ■ U F,))
i=l 1=1

is open. Thus, X admits an infinite partition, so that it is not a ZPC space

by 1.8.2.

Corollary 1.9.4. An arbitrary space X is Z-pseudocompact if and only if

0(A) is pseudocompact.

2. Ideals in C(A, Z). In the theory of C(A), an important part is played

by the correspondence between the ideals in C(A) and the filters in the lattice

of zero sets of continuous functions. The purpose of this section is to develop

an analogous correspondence for C(A, Z). Throughout this section, X is

assumed to be a fixed topological space.

2.1. Let II be the set of all rational primes. We will consider II to be a

TVtopological space with the closed sets $> being precisely the finite (or

empty) subsets, or all of II. This is the standard topology for II considered

as the structure space of the ring Z (see [4, p. 204]). We will be concerned

with the product space (or set) X XII. It is convenient to introduce standard

symbols £ and t for the projection mappings of XXII onto X and II respec-

tively: £(x, p) = x, w(x, p) = p.

Definition 2.1.1. Let fEC(X, Z). The divisibility set oí f, denoted D(f),
is defined to be {(x, p)EXXÏl\fix) =0 mod p]. The collection of all divisi-

bility sets of elements of C(A, Z) is denoted by 2D (or 2D(A) if it is necessary

to indicate the dependence on X).

Lemma 2.1.2. 2D »5 the collection of all sets of the form OfLi F.-X^i, where
{Vi} is a partition of X and each 4\ is a closed subset of II.

Proof. Let/GC(A, Z). Define U»= {xGA|/(x) = »},¥„= {pEll\p di-
vides n]  (hence ^i = 0 and ^o=II). Clearly £>(/)=U»6z UnX^n, which is
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the desired form with a suitable rearrangement of subscripts. Conversely,

suppose that Z? = UÍ11 F¿X$,. Define/¿(x) =0 if xE Vi and $¿ = IT, f¡(x) = 1 if
xEVi and $¿=0, and/¿(x) = pip2 ■ • ■ p; if x£ F¿ and $¿= {pi, pi, • ■ ■ ,pj}.

ThenfEC(X, Z) by 1.2 and by the definition of/, D(f)=D.
As usual, the mapping D induces a mapping from the subsets of C(X, Z)

to the subsets of 30, namely D(F)= {D(f)\fEF\, and from the subsets of

D to the subsets of C(X, Z), that is D'1^) = {fEC(X, Z) \ D(f) E$}.
Definition 2.1.3. Define 03 to be the subset of 3D consisting of all D(f)

such that/(x) 7*0 for all xEX.

Lemma 2.1.4. G3 is the collection of all sets of the form Uilj ViX$>, where

{ Vi} is a partition of X and each i>i is a finite subset of II.

The proof is like that of 2.1.2.

Corollary 2.1.5. If BE® and if A is a subset of XXTl which is of the
form U¡li F.XlIi, where {Vi} is a partition of X and each II,- is an arbitrary

subset of II, then B(~\A E 03.

Corollary 2.1.6. If BE® and D£3D, then B(~\DCE& (the complement

being formed with respect to X XII).

It is convenient to introduce notation for the cross-sections of subsets of

XXH. For any AÇZXXU and any xEX, denote

Ax= \pEH\(x,p)EA).

Note that if DE£>, then for any x, Dx is either finite or all of LT. Moreover,

Dx is finite for all x if and only if DE®. This implies:

Lemma 2.1.7. Suppose that CQXXH, DE®, C(~\D = 0 and Cx9*0forall
xEX. Then DE®.

2.2. The lemma of this article is a simple consequence of the definition

of D and 1.3.2.

Lemma 2.2.1. Letf, gEC(X, Z). Then

(a) D(fg)=D(f)\JD(g);
(b) D(f-g)^D(f)i\D(g);
(c) D((fg)) = D(f)ryD(g).

Corollary 2.2.2. £> *$ closed under set unions and intersections. (S> is a

Boolean ring of sets.

2.3. We now use D and D~l to establish a correspondence between the

ideals of C(X, Z) and the filters of 3D.

Lemma 2.3.1. If J is an ideal of C(X, Z), then D(J) is a filter of 2D. If §
is a filter of 3D, then D~l(g) is an ideal of C(X, Z).
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This is clear from 2.2.1. The next two lemmas are also obvious.

Lemma 2.3.2. JiQJ2 implies D(Ji)QD(J2); gi{7g2 implies D"1^)

ÇD-i(j2); D-i(D(J))-DJ; DiD-\3))=$.

Lemma 2.3.3. // {¿J,r|o-G>S} »5 a set of filters of 2D, then

Wn c%)= n d-i(j,).

Lemma 2.3.4. // / is a proper ideal of C(A, Z), then DiJ) is a proper filter.

If g is a proper filter, then D_1(^J) is a proper ideal of C(X, Z).

Proof. If Dif) = 0, then fix) = ± 1 for all xGX. Therefore p = 1 and if /

is proper, then /£/. Obviously, if 0 Eê, then 1 ED~li<)).

Corollary 2.3.5. If M is a maximal (proper) ideal of C(A, Z), then D(M)

is an ultrafilter of 2D. If 317 is an ultrafilter of 2D, then D-1(3H) is a maximal ideal

of CiX, Z).

P Proof. Suppose that D(M)CáC2D. Then MQD^iDiM^QD-1^)
ECiX, Z). Since M is maximal, M = D"1(al). Therefore g = DiD-li$))

= D(M). Suppose that D^i^QJECiX, Z). Then 3Tl = D(D-1(3H))CD(/)
C2D. Since 911 is an ultrafilter, 3TC = D(/). Therefore, JQD-liDiJ)) = D^iWL)

QJ.

Corollary 2.3.6. If M is a maximal ideal, then D-1(D(Af)) = M.

2.4. We wish now to prove that every proper filter in 2D is an intersection

of ultrafilters. The proof of this fact is based on a lemma which is useful in

its own right. For any AE2D, define £>A = {Dr\Ac\DE£>}- More generally,

if 9rÇZ2D, let îa= {Dr\Ac\DE^]- Evidently 3D¿ is closed under intersections

and 0£2D¿. Thus, it makes sense to talk about filters in 2D¿.

Lemma 2.4.1. Let .<4£2D and A^XXU. Suppose that 91 is an ultrafilter

of 2D¿. Then Vir\&^0.

Proof. Let A =D(/), fECiX, Z). Define Vn={xEX\fix) = n]. Define
gECiX, Z) by g(x) = 1 for xG F0, and for x£ F„ (n^O), let g(x) =pn, where

pn is any prime not dividing n. Then, by definition of g, Dig) E <$> and Dig)

QAC. If D(g)G9l we are through. Otherwise, since 31 is an ultrafilter, there

exists DG2D such that Dr\AcE'3l and Dig)r\Dr\Ac = 0. Since Dig)QAe,

this implies Dig)i\D = 0. In particular, iDig))xi\Dx = 0 for all x. Therefore

DX?¿T1, unless (D(g))* = 0, that is, g(x) = 1. But if g(x) = 1, then xG F0 and

.4,=11. Thus, for all xEX, iDi\Ac)x is finite. Consequently, DC\A'E<&.

Lemma 2.4.2. Every proper filter in 2D is the intersection of ultrafilters.
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Proof. Suppose that ¿J is a filter of 3D and A is an element of 3D which does

not belong to ¿J. It will suffice to show that there is an ultrafilter 911 of 3D such

that ¿JÇ9TC and A (£311. It is easy to see that ¿U is a filter in 3D¿. Since A E3,

$a is proper. Let 91 be an ultrafilter of 3D¿ with gA Ç 91. Define

9TC = {DEZ>\Dr\AcE'3l}. Clearly 9TC is a filter of 3D which does not contain

A. Suppose that CE 3D-911. Then CC\ACE3ft- Since 91 is an ultrafilter of 3D¿,
there exists -DE9IÍ such that (Cr\Ac)C\(Dr\Ac) = 0. By 2.4.1, there exists

BE^LC\®. Then Bf^DEVK and Cr\(Br\D) = Cr\Dr\A°r\B = 0. Since C
was arbitrary, 9H is an ultrafilter.

2.5. We can now easily prove the main theorem of this section.

Theorem 2.5.1. 7/ J is an ideal of C(X, Z), then D~1(D(J)) is the inter-
section of all maximal ideals of C(X, Z) which contain J.

Proof. Let M be a maximal ideal containing J. Then by 2.3.2 and 2.3.6,

M = D~1(D(M))Z2D-1(D(J)). Thus, D-^Dtf)) is contained in the intersec-

tion of all maximal ideals containing J. On the other hand, by 2.3.4 and 2.4.2,

we can write D(I) = f\a€s 3TC», where {9TC„|<r£.S} is a set of ultrafilters of 3D.

Therefore, by 2.3.2, 2.3.3 and 2.3.5, D-1(D(J))=r\,eS D*1^*) is an inter-

section of maximal ideals containing /.

Corollary 2.5.2. The following conditions are equivalent for an ideal J of

C(X,Z):
(a) D-i(D(J))=J;
(b) / is an intersection of maximal ideals;

(c) C(X, Z)/ J is a subdirect sum of fields;

(d) C(X, Z)l J has zero Jacobson radical.

See [4, p. 14].

Defining the circle composition as usual by fog=f+g—fg, we easily

deduce from [4, p. 9]:

Corollary 2.5.3. IfJisan ideal of C(X, Z), then D~l(D(J)) = {fE C(X, Z) \
for all g, there exists h such that h o (gf)EJ\.

2.6. By 2.5.1, D-l(D(J)) is the Jacobson radical of the ideal /. It can

be inferred that D~l(D(J)) contains the ordinary radical of /: J1'2

= {fEC(X, Z)\fEJlov some h=l, 2, • • • }.

Theorem 2.6.1. 7/ J is an ideal of C(X, Z), then D-1(D(Jr))2/1/2. The

equality holds for all ideals J of C(X, Z) if and only if X is a ZPC space.

Proof. If/*G/, then D(J)=D(f)ED(J) and therefore fED~l(D(J)).
This shows, in a very direct way, that JlliçZD~1(D(J)). Suppose that X is a

ZPC space. Then if /Gß"'(ö(/)), there is a function gEJ such that D(f)

= D(g). That is, for each xEX, the prime divisors of f(x) coincide with those

of g(x). Hence, if k is an integer greater than all exponents of the prime
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divisors of g(x), then f(x)k is divisible by g(x). Since A is a ZPC space, g

takes only finitely many values and it is possible to choose k so large that g(x)

divides/(x)* for all xEX. Thus, by 1.3.1, fh = ghEJ and consequently/G-71/2.

Finally, suppose that X is not a ZPC space. Let { F,} be an infinite partition

of X. Let p he any prime. Define fEC(X, Z) by fix) =p' for all xG V¡. Let

/- {fh\hECiX, Z)]. By definition of/, D(f)=D(p). Thus, pED^iDiJ)).
However, for each k, pk is not divisible by/in C(A, Z). Thus, pG/1'2.

3. The structure space of C(X, Z). Throughout this section A is a fixed

topological space.

3.1. The structure space of C(A, Z) is defined as for any commutative

ring with identity to be the set © = ©(X) of all maximal ideals topologized

by the hull-kernel closure operation: for 21Ç©

2f = {mg©| m72 na}.

This closure operation makes © into a compact Ti space (see [4, pp. 204

and 208]). The importance of the structure space © resides in an elementary

consequence of 2.5.1.

Lemma 3.1.1. There is a one-to-one correspondence iorder reversing) between

the closed subsets of © and the ideals J of C(A, Z) satisfying D_1(D(J)) = J.

This mapping is defined by 21—>ri2i.

It is possible to introduce a similar topology on the set @i of all ultra-

filters of 20: if 2IiÇ@i, then

217 = {3UG©i|9Ti2ri2Ii}.

It is easily shown that this closure operation makes ©i into a compact Ti

space also.

Lemma 3.1.2. The mapping D is a homeomorphism of © onto ©i.

Proof. By 2.3.2, 2.3.5 and 2.3.6, D maps © one-to-one onto @i, with in-

verse D_1. It suffices to show that D~l commutes with the closure operations.

Let 8liÇ©i. Then 9TCG2L; if and only if SJUQflSIi. By 2.3.3, this is equivalent
to D-1(9Tl)3D-1(n2íi) = nrr-12Ii. Hence D-'(2Ir) = (D_I2li)~ and therefore
D~l is a homeomorphism. Thus, D is a homeomorphism.

3.2. We wish now to determine the structure space of C(A, Z) in case X

is a ZPC space. By 3.1.1, it is sufficient to consider ©i.

Lemma 3.2.1. Suppose X is compact and totally disconnected. Then the map-

ping <j>: (x, P)—*{DE 2D) (x, p)ED] is a homeomorphism of Axil onto ©i.

Proof. The proof is based on three easily verified observations, (a) The

sets of 2D are closed; (b) XXII is compact; (c) the sets of 2D separate points.

Note that   |DG2D|(x, p)ED] =D({fEC(X, Z)|/(x)=0 mod p}). Since
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[}'EC(X, Z)\f(x)=0 mod p) is a maximal ideal, namely the kernel of the

homomorphism/—>f(x)+pZol C(X,Z) onZp, we see that {D(E3D| (x, p)ED]

is an ultrafilter of 3D. Suppose 3TCG©i. By (a) and (b), £ = fi3TC is not empty.

Let (x, p) E E. Then C E 9TC implies (x, p) E C and therefore

C E {D E 3D | (x, p)ED]. Consequently, since 3TC is an ultrafilter,

9TC= {.DG©! (x, p)ED). Thus, <b is onto. By (c), <p is one-to-one. Suppose

that Sti is closed in ©x. Let (x, p) E<P~l<$\)- That is, {DE 3D) (x, P)ED] does

not contain HSti. Hence, there is a CGflSíi such that (x, p)(£C Suppose

C = C\i ViX$i, where { F,} is a partition of X. Then xG V, lor some *'. Since

(x, p)EC, this implies p£<l?¿. Therefore 4», is finite and ViX<b\ is a neighbor-

hood of (x, p) in ZXII. Moreover, if (y, c)GF¿X$í, then <y, g)£C. Hence

CE<b((y, g» and therefore since CGÍlSli, </>((y, g» £2li. Hence ViX^l
(Z(<p~l(^ii))':. Thus, <£_1(9Ii) is closed and <p is continuous. Since X is totally

disconnected, the sets of the form VX$C, where F is open-and-closed in X

and Î>ÇII is finite, constitute a basis for the open sets of XXIL If (x, p)

EVX&, then (x, p)GFX* or (jc, p)GFcXlI and conversely. Thus,

cp((VX<î>c)°)= {9RG©i| FX*G3H}W{9HG©i| FcxnG91l}. Since the sets
|3TlG@i| FX*G3H} and {3UG©i| FcXlIE3Tl} are obviously closed in ©,,
it follows that (j> is bicontinuous.

Combining 3.1.1 and 3.2.1 with 1.5.2 and 1.8.1 yields

Corollary 3.2.2. Let X be a ZPC space. Then © is homeomorphic to

8XXU.

Corollary 3.2.3. If X is a ZPC space, then every residue class field of

C(X, Z) is isomorphic to Zp for some prime p.

Proof. Since C(X, Z)=C(8X, Z), we may suppose that X is compact and

totally disconnected. Then, as we noted in the proof of 3.2.1, every maximal

ideal of C(X, Z) is the kernel of a homomorphism of C(X, Z) on Zp.

Corollary 3.2.4. If X is any space, then every residue class field of C*(X, Z)

is isomorphic to Zp for some prime p.

Proof. By 1.5.2, C*(X, Z)^C*(8X, Z) = C(8X, Z). Thus, 3.2.4 follows
from 3.2.3.

3.3. If X is not a ZPC space, then the structure space of C(X, Z) is more

complicated. We devote the remainder of this section to the study of this

situation. First it is convenient to introduce some notation.

Definition 3.3.1. Let X be any space. Let © be the structure space of

C(X, Z). Define

<B(= y(X)) = {M E © | C(X, Z)/M has prime characteristic},

_3(= 3(X)) = {M E © | C(X, Z)/M has zero characteristic}.
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Lemma 3.3.2. If P isa proper prime ideal of C{X, Z) such that the character-

istic of C(X, Z)/P is a prime p, then C(X, Z)/P^ZP.

Proof. The constant function p belongs to P. lífECiX, Z), then the func-

tion (/— l)if—2) ■ • ■ if—p) is divisible by p at each point. Hence, it is

divisible by p because of 1.3.1. Therefore (/—1)(/—2) • • • if—p) is in P.

Since P is prime, f—kEP for some k, 1 Sk^p. That is, the constant func-

tions modulo p form a complete system of residues of C(X, Z) modulo P.

A similar argument shows that if P is any prime ideal of CiX, Z) then

each bounded function of CiX, Z) is congruent modulo P to a constant func-

tion on X.

Lemma 3.3.3. Let M be a maximal ideal of C(A, Z). Then the following condi-

tions are equivalent.

(a) CiX, Z)/M^Z„;
(b) CiX, Z)/M has characteristic p;

(c) M contains p;

(d) DiM) contains Xx{p};
(e) DEDiM) implies DC\(A X {p ] ) ̂  0.

Proof. By 3.3.2, (a) is equivalent to (b). Obviously, (b) is equivalent to

(c) and (c) is equivalent to (d) by 2.3.6. Finally, (d) is equivalent to (e) by

2.3.5.

Corollary 3.3.4. Let M be a maximal ideal of CiX, Z). Then the following
conditions are equivalent.

(a) ME^\
(b) M contains nfor some nonzero nEZ;

(c) M contains a bounded function f such that fix) ^ 0 for all xEX.

Proof. Clearly (a) implies (b) implies (c). If (c) is satisfied, then by 1.2,

M contains n, where n is the least common multiple of all the integers/(x),

xGX. Finally (b) implies that the characteristic of CiX, Z)/M is not zero.

3.4. Lemma. Let M* be a maximal ideal of C*(X, Z). Define M= M*CiX, Z).
Then M is a maximal ideal of CiX, Z) such that M* = MC\C*iX, Z).

Proof. First we show that M is a proper ideal of C(A, Z). By definition,

M*CiX, Z)={Sifigi\fiEM*, giECiX, Z)], which is clearly an ideal. If
2ifigieM*CiX, Z), then D(2ifigi)720i Difi) *0. Thus, by 2.3.4 and 2.3.2,
M is proper. Consequently, M(~\C*iX, Z) is a proper ideal of C*(A, Z) con-

taining the maximal ideal M*. Therefore MC\C*iX, Z) = M*. By 3.2.4,

C*iX, Z)/M*=ZP for some prime p. Consequently M contains p. Hence by

1.3.1, CiX, Z) = M+C*iX, Z). Thus, C(A, Z)//¥=(C*(A, Z)+M)/M
^C*iX, Z)/iMC\C*iX, Z)) = C*iX, Z)/M*^ZP. Thus Mis a maximal ideal.

3.5. We can now relate the subspace $ of © to the structure space of

C*iX, Z).
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Theorem 3.5.1. For MEty, define <f>(M) = Mf\C*(X, Z). Then <b maps
fy one-to-one and continuously onto the structure space of C*(X, Z).

Proof. If MEty, then for some p, C(X, Z)/M^ZP by 3.3.3. Restricted
to C*(X, Z), the mapping of C(X, Z) on Zp with kernel M will have kernel

M f\ C*(X, Z). Thus, <j>(M) is a maximal ideal of C*(X, Z). By 3.4,
(M(~\C*(X, Z))C(X, Z) is a maximal ideal of C(X, Z) and it is clearly con-

tained in M. Thus, (Mf\C*(X, Z))C(X, Z) = M. Together with 3.4, this
shows that <j> is a one-to-one mapping of ^5 onto the structure space of

C*(X, Z). Let 31* be a closed subset of the structure space of C*(X, Z). We

wish to show that 21= {ME$\ Mf\C*(X, Z)G2I*} is closed in <$, that is,
2I-n^C2I. Let ME%-r\y. Then 173(121. Since 7YG2Í implies NC\C*(X, Z)
G?I*, it follows that MC\C*(X, Z) 3(121*. Hence, since 21* is closed,

MC\C*(X, Z)G2I* and therefore MG2I.
If X is not a ZPC space, then the mapping <j> of 3.5.1 is not bicontinuous.

I n fact if/ is an unbounded function of C(X, Z), then the set 21 = {ME ty \ fE M}
is clearly closed in Iß, but 0(21) is not closed in the structure space of C*(X, Z).

Corollary 3.5.2. For any space X, there is a continuous, one-to-one map-

ping of $(X) onto 8XXTI.

4. Existence theorems for maximal ideals. The purpose of this section is

to establish the existence of maximal ideals in C(X, Z) having various special

properties.

4.1. We will associate with each maximal ideal M of C(X, Z) an ultra-

filter 'ti.(M) in %(X) and an ultrafilter <P(M) in the Boolean algebra of all

subsets of II. It will be shown in §6 that (P(M) is closely related to the alge-

braic properties of the residue class field C(X, Z)/M.

Definition 4.1.1. Let M be a maximal ideal of C(X, Z). Define

1t(A0 = £(D(M)).

<S>(M) = {n0 Ç n| n0 2 t (D(f)) for some/G M).

Lemma 4.1.2. 'M(M) is an ultrafilter in S3(X).

Proof. If fEC(X, Z), then í(D(f))={xEX\f(x)^l). Thus, k(D(M))
<Z$i(X). We show that for VE%(X) to be in 'U(M) it is necessary and suffi-

cient that VXUED(M). The sufficiency is clear. If VXUED(M), then

FCXIIGI>(M). Hence, no ÖG3D such that £(D) = V can be in D(M) since

Dr\(VcXLl) = 0. This shows that VE^(M). It is now evident that <U(M)

is an ultrafilter.

If X is a ZPC space, then G>(M) is the fixed ideal of all subsets of II con-

taining a prime p by 3.2.3 and 3.3.3. Hence, in this case, (P(M) is an ultra-

filter in the Boolean algebra of all subsets of II. To prove that &(M) is an

ultrafilter if X is not a ZPC space, we need a preliminary result.
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Lemma 4.1.3. If X is not a ZPC space and II0 is any subset of II, then there

exists fEC(X, Z) such that 7r(D(/)) =n0 and either f= 1 or fix) is prime for all

xEX.

Proof. If IIo is empty, let /= 1. Hence suppose that n0= {pi, p2, • • ■ ],

with repetitions allowed if IIo is finite. Let { F<} be an infinite partition of

X with Vi*0 for all i. Define/(x) =p{ for xG F¿. Clearly, v(D(f)) =n0.

Theorem 4.1.4. (P(M) is an ultrafilter in the Boolean algebra of all subsets of

II. If X is not a ZPC space, then (P(Af) =v(D(M)).

Proof. We can assume that X is not a ZPC space. Suppose IIiG7r(ö(M))

and n23IIi. Then IIi = ir(D(/)) for some fEM. Let gECiX, Z) he such that

7r(D(g))=n2. Then fgEM and ir(D(fg)) =7r(D(/)WD(g)) = IIiUn,=n,.
Thus, UiEiriDiM)). This shows that (P(M) =tt(D(M)). Now suppose that

IL, UiE(P(M), say Uí = r(D(f)), n2 = 7r(D(g)), with /, gEM. Then IL^II,
^ir(D(f)r\D(g))=ir(D((f, g))) and (/, g)EM. Therefore TliCMliEViM).
Finally, if IIo is any subset of II, then either n0G(P(M) or IF0E(PiM). To

see this, let /G M be such that D(/)£(B. The existence of such an/ follows

from the case A=0 of 2.4.1 (with 9l = D(Af)). By 4.1.3, there exists

gECiX, Z) such that Dig) E «and 7r(D(g))=II. Then fgEM, D(/g)G<B and
?r(-D(/g))=n. By 2.1.5, D(/g)n(Axn0)G(B and D(/g)n(Xxn0)G(B. Since
iDifg)niXXUo))UiDifg)r\iXXllc0))=Difg)EDiM), it follows that either
D(fg)r\iXXlio)EDiM), or D(fg)n>(Xxm¡,)ED(M). Thus, since 7r(D(/g))
= n, either n0 = 7r(D(/g)n(Axn0))G7r(D(M)) =(P(M), or iro = 7r(D(/g)

n(XXlT5))G7r(D(M)) =(P(M).
4.2. We wish to show that every ultrafilter (P in the Boolean algebra of

all subsets of II and every ultrafilter 11 in 58(A) can be realized as (?iM) and

11(1//) respectively. In order to do this, we introduce two methods of con-

structing maximal ideals in C(A, Z).

Definition 4.2.1. Let (P be an ultrafilter in the Boolean algebra of all

subsets of n. Let/GC(A, Z) be such that fix) ¿¿0 for all x and tt(D(/))G(P.

Define

J(f, <?) = {ge CiX, Z) | Dig) 72 £>(/) H (A X Ho), some II» G ö>}.

Lemma 4.2.2. /(/, (P) is a proper ideal of CiX, Z). If M is a maximal ideal

containing /(/, (P), then ö»(7¥) =<?.

Proof. Since /(x)^0 for all x, D(/)fXXxn0)G2D by 2.1.5. By definition,
J(f, (P) = L>~lig), where g is the filter in 3D which is generated by

{D(/)n(Axn0)|n0G(P}. Notice that i(D(/)n(Xxn0)) =ir(D(/))niIo
¥>0, since 7r(D(/))G(P. It follows from 2.3.1 and 2.3.4 that /(/, (?) is a proper

ideal of C(A, Z). Moreover, if M is a maximal ideal containing /(/, (P), then

(P(M)37r(D(/(/, <P)))2{ir(ö(/))nn0|lIoG(P}. Thus, (P(M)=(P.

By 4.2.2 we infer that ¿(I) is not empty (see 3.3.1).
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Corollary 4.2.3. If X is not a ZPC space, then \ &(X)\ =2C. Moreover,

if Ho is an infinite subset of II, there exists ME&(X) such that HoE®(M).

Proof. By 3.3.3, ME3(X) if and only if (5>(M) is a free ultrafilter in the

Boolean algebra of all subsets of LT. But there are precisely 2C such free ultra-

filters (see [2, p. 131 ]) and any infinite LTo is contained in at least one of them.

4.3. The second method of constructing maximal ideals is more direct:

from an ultrafilter in 33 (X), one obtains a maximal ideal explicitly. This

construction is well known, but has apparently never been published.

Definition 4.3.1. A function fE C(X, Z) is called prime-valued if for all

#i \f(x)1 is either one or a prime.

Evidently, / is prime valued if and only if the sets D(f)x contain at most

one prime.

Definition 4.3.2. Let 11 be an ultrafilter in 9S(X). Let fEC(X, Z) be
prime-valued and satisfy £(D(/))GH. Define

M(f, 11) = [g E C(X, Z) | D(g) D D(f) r\(VX n), for some F G It} •

Lemma 4.3.3. M(f, 11) is a maximal ideal in C(X, Z). Moreover, c\l(M(f, 11))
= 11.

Proof. As in the proof of 4.3.2, M(f, 11) is a proper ideal of C(X, Z) and

S(D(M(f, <U)))2U(D(/))rw| FGll}. Suppose that gEC(X, Z)-M(f, 11).
Let V = £(D(f)r\D(g)). Then since / is prime-valued, D(f)r\D(g)=D(f)
Pi(Fxn). Hence FGll- Therefore FCGH. Let hEC(X, Z) be defined by
h(x) = 1 for xG F and h(x) =/(x) for xG Fc. Then D(h) = D(/)n(Fcxn), so

that hEM(f, 11). Moreover, D(g)r>D(h) =D(f)r\(VXTl)i\(VcXTl) = 0.
Hence, (g, h) = l. Since g was arbitrary, M(f, 11) is maximal. Since 1l(M(/, 11))

is a proper filter containing 11, the last statement of the lemma is clear.

Corollary 4.3.4. If M is a maximal ideal which contains a prime-valued

function f, then M=M(f, Il(M)).

Proof. Note that since / G M, £(!>(/)) E 1l(M). Suppose that

hEM(f, H(M)). Then by definition, there exists gEM such that D(h)

^D(f)r\(£(D(g))XTl)Z2D(f)nD(g) = D((f, g)). Thus, hED~^(D(M)) = M.
This shows that M(f, 1l(M))ç:M. Since M(f, 1l(M)) is maximal by 4.3.3,
equality must hold.

4.4. The construction of 4.3.2 provides a method of obtaining all maximal

¡deals in C(X, Z) which contain a prime-valued function /. However, this

does not yield all maximal ideals, as we will now show.

Lemma. If X is not a ZPC space, then C(X, Z) contains maximal ideals M

such that no prime-valued function in C(X, Z) belongs to M.

Proof. Let { F,} be an infinite partition of X with F,-?i0 for all i. For

each i, let 4>;CII satisfy |$<| =i. Define 5=Uiti F.-XÍ*. Note that BE®-
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Moreover, if /i, /2, • • • , /* are prime-valued, then 5r\(D(/i))en(D(/2)),!

t~\ ■ ■ ■ n(D(/k))°7i£0. Indeed, if i>k, and if xEVit then among the i primes

of "!>,•, there must be one which is distinct from the prime divisors of /i(x),

fi(x), • • • , fk(x) (which are at most k in number). If p is such a prime, then

(x, p)EBr\iDifi)yr\iDif2))<:r\ ■ ■ ■ n(D(/i))e. Let 3U be an ultrafilter of 2D
which contains all the sets J3r\(D(/1))cn(D(/2))'!n • • • n(D(/*))c, where

fi, fa, ••"./* range over all prime-valued functions and k = l, 2, ■ ■ ■ . Note

that these sets belong to 20 by 2.1.6. Finally, let Af=D-1(9Tl). Then M is a
maximal ideal of CiX, Z). If/is any prime-valued function, then/EM, since

D(f)n(Br\(D(f))*)=0.
Note that any ideal M which contains no prime-valued function is neces-

sarily an element of £(X) (by 3.3.4).

4.5. In some instances, the existence of a prime-valued function in M

simplifies the study of the residue class field C(A, Z)/M. In this article, we

will show that this simplification can always be achieved at the expense of

changing the space X.

Lemma 4.5.1. Let { Vi] be a partition of X. Then

p: C(X, Z) -» H CiVi, Z),
i

defined by <f>(J) = i ■ • • f\Vi • ■ •), is an isomorphism of CiX, Z) onto the
direct product of the rings CiVi, Z).

Lemma 4.5.2. Let w^O and denote by <pn the natural homomorphism of Z

onto Z„. Then the mapping /—><pn of is a homomorphism of CiX, Z) onto

dX, Z») with the kernel nCiX, Z). Thus, CiX, Z)/nC(X, Z)^CiX, Zn).

Lemma 4.5.3. Let pi, • • • , pk be distinct primes. Then the mapping

f^>(PP1of, • • • ,PPtof)

is a homomorphism of CiX, Z) onto XI*-i C(X, ZPi) with kernel nOX, Z),
where n = pi • • • pK. Hence,

CiX, zn) s* n C(X, Z„).
t-1

These lemmas are easily obtained from 1.2 and 1.3.1.

Theorem 4.5.4. Let F=C(X, Z)/M, where M is a maximal ideal. Then for

a suitable space X0, there is a maximal ideal M0 in C(A0, Z) such that

C(Ao, Z)/Mo=F and Mo contains a prime-valued function.

Proof. By 2.4.1, M contains a function/ such that for all xEX, either

fix) = 1, or fix) is a product of distinct primes. Let «i, «2, • • • be an enumer-

ation of all integers such that the set Vf- {xGX|/(x) =«<} is not empty.

Then each homomorphism of the following sequence is onto :
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C(X, Z) -» H C(Vi, Z) -» II (C(Vi, Z)/niC(Vi, Z)) -» II C(Vi, Zni).
i i i

The mappings of this sequence are the ones defined in 4.5.1 and 4.5.2. It is

easy to see that the kernel of the composition of these homomorphisms is pre-

cisely fC(X, Z). Thus, by 4.5.3, F is a homomorphic image of IJ¿ C(F¿, Zn>.)

Sí IL ID-i C(Vi, ZPtl), where «¿ = p,i • • • pik(i). Let Xa be the topological
sum of the spaces IF,-, which are themselves topological sums VaSJ • • ■ U Van)

of homeomorphic copies of F,-. (If w, = l, let Wi = 0.) Define /o(x) =pa for

xEVij. ThenfoEC(X0, Z) and by the first part of the proof

C(Xo, Z)/foC(X0, Z)sllri C(Vi, ZPij).

Thus, there is a homomorphism of C(X0, Z) onto F whose kernel Mo contains

the prime-valued function /o.

The proof of 4.5.4 shows more than is stated. This surplus information

will be useful later.

Corollary 4.5.5. Let n0GO>(M), where M is a maximal ideal of C(X, Z).

Then there exist spaces Up for each pGLTo such that C(X, Z)/M is a homo-

morphic image of the ring Upsno C(Ur, ^v)-

Proof. This is clear if X is a ZPC space. Suppose that X is not ZPC. In

the proof of 4.5.4, choose/ initially so that ir(D(f)) =LT0. Then the argument

given shows that C(X, Z)/Mis the homomorphic image of Ilpeiio C(UP, Zp),

where Up is the topological sum of all those spaces Va for which pa = p.

5. Cardinality of residue class fields. The object of this section is to prove

two results concerning the cardinality of the residue class fields C(X, Z)/M,

where M is a maximal ideal of C(X, Z). In view of 3.2.3, we may as well as-

sume that X is not a ZPC space and that ME&(X).

5.1. We first establish a general result.

Theorem 5.1.1. If ME3>(X), then C(X, Z)/M is uncountable.

Proof. By 4.5.4, we may assume that M contains a function / such that

for all x, either/(x) = 1 or/(x) is a prime. Let pi, p2, ■ • • be an enumeration

in order of magnitude of those distinct primes p such that f(x) = p lor some

xEX. Since ME£>(X), this sequence is infinite (see 3.3.4). Note that p¡>j

for Í-1, 2, •••. Let Fo={xG^|/(x) = l}, V¡ = {xG*|/(x)=p,}. Then
{ Vj] is an infinite partition of X. Suppose that gi, gi, • • • is any sequence

of functions in C(X, Z). We will show that there is an hEC(X, Z) such that

D(f)r\D(h-gi)(ZXx{pi, • ■ • , pi-i). Since MES(X), this implies that
D(h-gi)r\Di = 0 for some DiED(M), by 3.3.3. Therefore, h-g¡EM by
2.3.6. This will complete the proof. For each t>0, let { F,v} be a partition

of Vi such that all of the functions gi, g2, • • • , g» are constant on each of
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the open-and-closed sets F,> Define h by the following conditions: A(x)=0

for xGF0; A(x)=«,j for xEVa, where n¡j is any integer which is not con-

gruent modulo pi to any of the numbers gi(x), ■ ■ • , giix), xE Vi¡ (which are

independent of the choice of x by the definition of Vif). This is possible since

pi>i. It then follows that pi does not divide any of the numbers h(x) — gi(x),

■ • ■ , Kx)~gi(x), if xEVi. Thus, Dif)r\Dih-gi)ÇlXx{pi, • • • , pi-i],as
required.

Corollary 5.1.2. If ME£>iX), then the transcendence degree of CiX, Z)/M

over its prime field is uncountable.

5.2. We now establish the existence of residue class fields of arbitrarily

large cardinality. The proof is a slight modification of the proof of the cor-

responding result for rings of real-valued continuous functions given in [2,

p. 166].

Theorem. Let X be a discrete space of infinite cardinality a. Then CiX, Z)

contains a maximal ideal M such that the cardinality of CiX, Z)/M is greater

than a.

Proof. Let {77I|xGA} be an indexing of the finite nonempty subsets

of X by elements of X. For yEX, define Vx={yEX\xEFy]. That is,

yEVx if and only if xEFy. In particular, if Fy = {xi, • • • , Xj], then yEVXi

C\ • • • C\VXj. Thus, there is an ultrafilter 11 of 58(A) containing all Vx.

For each xGX, choose pxEH such that px exceeds the number of elements in

Fx. Define/GC(A, Z) hy f(x)=px for all x. Let M=M(J, 11) as in 4.3.2.
We wish to prove that the cardinality of CiX, Z)/M exceeds a. Suppose

EECiX, Z) has cardinality at most a. Index E by X, allowing repetition:

£= {gv\y£X}. We will define ÂGC(A, Z) so that h-gyEM for all yEX.
This will complete the proof. For xEX, let h(x) be any integer which is dis-

tinct modulo px from all of the numbers {gyix)\yEFx]. That is, if yEFx,

then px does not divide ä(x) — g¡/(x). This is possible since Fx contains fewer

than px elements. It follows from this choice that for a fixed y, fix) does not

divide h(x) —gvix) ii xE Vv. That is,

D(h - &) n (D(f) n ivy x n)) = 0.

Consequently, h — gyEM.

6. Arithmetic properties of residue class fields.

6.1. Definition. An arithmetic sentence is a formal expression

A = [Q]iPi\i,\i, ■ ■ -,\n) = 0),

where

(a) P(Xi, X2, • • • , A„) is a formal polynomial, that is, a sum or difference

of products of the variables Xi, Xs, • • ■ , X» and the individual constant 1,
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(b) [Q] = (QiXi)(Ç2X2) • • • (<2nX„), with each Ç, one of the quantifiers 3

or V.

For example,

(\f\i)(3Xi)(\i\2 - M - \i + 1 + 1 = 0)

is an arithmetical sentence. Since we will only be concerned with arithmetical

sentences as statements about commutative rings with identity, it can be

assumed that the formal polynomials involved satisfy the laws of commuta-

tive rings. Thus, for instance, the sentences (VXi) ( 3X2) ( —Xi +X2XiX2+Xi — 1 = 0)

and (VXi) ( 3X2) (X2X2Xi — 1 = 0) will be considered as equivalent. Moreover, it is

convenient to introduce exponents as abbreviations for repeated products and

numerical constant coeificients as abbreviations for repeated summands.

Thus, instead of X1X1X1, X1+X1+X1+X1, 1 + 1, we write X?, 4Xi, 2 respectively.

Notation. Let I = (k, i2, • ■ • , iT) he an ordered subset (possibly empty)

of (1, 2, • • • , n). Write X, for (Xii; X¿2, • • • , X,r), aX7 for (3\il)(3\h) ■ ■ ■

(3X0 and VX, for (VX,-,) (VX*,) • • • (VX,r).
6.2. We will be concerned with the interpretation of arithmetical sen-

tences in commutative rings, particularly fields. With such an interpretation,

formal polynomials take on their usual meaning as operations defined on the

ring. Arithmetical sentences become statements of arithmetical properties of

the ring which may either be true or false in any particular model. It is pos-

sible to give a formal definition of the interpretation of arithmetical sentences

and in particular of the validity of arithmetical sentences in a given ring (see

[9] for example). We prefer however to proceed informally.

Definition. Let R he a commutative ring with an identity. Then the

arithmetical sentence

(VWtaXtf,) • • • (VXrr)(3Xjcr)(P(X7„ XjEn • • • , X/„ X,,) = 0)

is valid in R if there exist functions

Si(hi, • • • , Xry): R11 X ■ ■ ■ X R"-+R*',

such that for every (Xjlt • • • , \rr)ERuX ■ • • XRIr, we have

Pfrii, Uh,), ■ ■ ■ , XIr) Uhu • • • , Xrr)) = 0.

It is not hard to show (using the axiom of choice) that this definition of

validity agrees with the usual formal concept of validity.

6.3. The notion of an arithmetical sentence is very general. In fact, any

first order statement about a field can be expressed as an arithmetical sen-

tence. That is, given any first order sentence 5 in the formalism of ring theory,

there is an arithmetical sentence A such that for any field F, S is valid in F

if and only if A is valid in F. This assertion is an easy consequence of the

following observation.

Lemma. It is possible to deduce from the axioms of field theory
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(a) ~(P(Xi, X,, • • • , X») - 0) s ( 3u)ißPi\i, Xi, ■ ■ ■ , X„) - 1 = 0),

(b) (Pi(Xi, X,, • • • , X„) = 0) V   • • • V (Pr(Ki, \t, • • • . X») = 0)

— Pl(Xl, X2,  -   •   •  , An)   -  *   * Pr(Xl, X2,  •  •   •  , X„)   =  0.

6.4. We are now ready to state and prove the main result of this section.

Theorem 6.4.1. Let A be an arithmetical sentence. Let n0= {^Gü|i4 is

valid in Zp ]. Suppose that X is any space and M isa maximal ideal of CiX, Z).

Then A is valid in CiX, Z)/M if and only if TloE&iM).

The proof of this result uses several simple lemmas, the first two of which

are well known (see [6] and the references given there).

Lemma 6.4.2. Let A be valid in the ring R. Suppose that Ris a homomorphic

image of R. Then A is valid in R.

Lemma 6.4.3. If A is valid in each of the rings i?,-, then A is valid in the direct

product YLi Ri.

Lemma 6.4.4. If A is valid in ZP, then A is valid in C(F, Zp) for every space
V.

Proof. Let A = (VX/,) ( 3\Kl) ■ ■ ■ (VXrr)(aXO(-P(X/„ Xjrl( • • • , X,r, \Kr)
= 0). Since A is valid in Zp, there exists l-j(\iv • ■ • , Xi^-.Z^X • • • XZP'

—>Z*'' such that P(rxiv ?i(X/,), • • • , Xrr, £r(Xrl( • • • , X/,)) is identically zero

in Zp. Define Ufn, ■ • • , fr,): C(V, ZA"X ■ ■ ■ XC(V, ZP)«-+C(V, ZP)K<
by

h(fh, ■ ■ ■ ,//,)(*) = ti(fii(x), ■ ■ ■ ,//,(*)).
The important thing to notice is that since Zp is discrete, \¡ actually does

map into C(F, ZP)K>. Now clearly P(//„ \x(//,), • • • ,//„ \Xffiv • • • ,//,)) is
identically zero. Thus, by definition, A is valid in C(F, Zp).

Proof of 6.4.1. Assume that TloE^iM). By 4.5.5, C(A, Z)/M is a homo-

morphic image of üperio ^iVp, ZP), for suitable spaces Vp. Consequently, A

is valid in C(X, Z)/Mhy 6.4.4, 6.4.3 and 6.4.2. Now suppose that n0£(P(AQ.
Then by 4.1.4, W0E<PiM). Moreover, ~A is valid in Zp for all pEU'o- Thus,

by 6.3 and the first part of the proof, -~^4 is valid in CiX, Z)/M. Thus, A is

not valid in C(Z, Z)/M.

Corollary 6.4.5. Let X be an arbitrary space. Suppose that A is an arith-

metical sentence. Then A is valid in CiX, Z)[M for every MES(X) if and only

if A is valid in Zp for almost all primes p.

Corollary 6.4.6. Let X be a space which is not Z-pseudocompact. Let

Ai, Ai, • • • be a sequence of arithmetical sentences. Define H,= {pEH\Aj is

valid in Zp]. Then there exists a maximal ideal M belonging to £iX) such that

each of the sentences Ai, A2, ■ ■ ■ is valid in CiX, Z)/M if and only if every

intersection Hir\ilif~\ • ■ ■ í~\Iín contains infinitely many primes.
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6.5. We will use the results of 6.4.5 to obtain some properties which are

common to all residue class fields of C(X, Z).

Theorem 6.5.1. If M is a maximal ideal of C(X, Z), then the field C(X,Z)/M
is quasi-algebraically closed. That is, every homogeneous form of degree d in n

variables with n>d has a nontrivial solution in C(X, Z)/M.

Proof. Let P(jn, Xi, • • • , X„) = 2¿eí p¿M¿(Xi, • • • , X„), where
-M"i(Xi, ■ • • , X„) ranges over all monomials of degree d in Xi, • ■ • , X„. Let

Pl(ßl,     Xl,   •   •   •   ,     \n)=P(ßI,      1,     X2,   •   •   •   ,     \n)P(pr,     Xl,      1,   •   •   •   ,     Xn)   •   •   •

P(ui, Xi, X2, • • • , 1). Define A„d to be the arithmetical sentence

(\fßI)(3\K)(Pi(ßI, \K) = 0),     K = (1, ■ ■ ■ , n).

The statement that a field F is quasi-algebraically closed is equivalent to the

statement that And is valid in F whenever n>d. Since every finite field is

quasi-algebraically closed (see [l]), it follows from 6.4.5 that C(X, Z)/M

is quasi-algebraically closed for every maximal ideal M.

Corollary 6.5.2. Every element of C(X, Z)/M can be represented as a sum

of two squares.

Proof. If C(X, Z)/ili=Z2, this is trivial. Otherwise, the assertion follows

from 3.3.2, 6.5.1 and the theory of quadratic forms (see [5, p. 41]).

Although the residue class fields of C(X, Z) are quasi-algebraically closed,

they can never be algebraically closed. This observation is due to Professor

J. R. Isbell.

Theorem 6.5.3 (Isbell). If M is a maximal ideal in C(X, Z), then

C(X, Z)/M is not algebraically closed. In fact, unless C(X, Z)/M-=Z2, there is

an element X in C(X, Z)/M which has no square root.

Proof. The sentence (VX)( 3p)(p2 — X = 0) is not valid in Zp lor each prime

p>2. Thus, if {2}CE(?(M), the sentence is not valid in C(X, Z)/Mhy 6.4.1.

6.6. We will now consider the set of all algebraic elements of the field

C(X, Z)/M.
Definition 6.6.1. Let M be a maximal ideal in C(X, Z). Denote by Q(M)

the set of all elements of C(X, Z)/M which are algebraic over the prime field.

Thus, if MEV(X), then a(M) = C(X, Z)/M^ZP lor some prime p. On

the other hand, if ME8(X), then a(M) is a proper subfield of C(X, Z)/M
by 5.1.2. We will prove that d(M) is uniquely determined by the ultrafilter

<?(M).

Theorem 6.6.2. Let Mi be a maximal ideal in C(Xit Z) for i = l, 2. Suppose

that(?(Mi)=(P(Mi). Then a(Mi)^a(M2).

Proof. By 3.3.3, we may assume that Mi and Jlf2 are in &(X). Then

using 6.4.1 the theorem is a consequence of the following algebraic result.
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Lemma 6.6.3. Let Fi and Fi be subfields of the algebraic closure fl of the

rational field Q. Suppose that {PG(?[X] \ P has a root in Fi] = {PEQ[r\] | P has

a root in P2 ]. Then Pi=P2.

Proof. It suffices to show that there is an isomorphism <p of Fi into F2.

For then by symmetry there is an isomorphism yp of P2 into Fi. The isomor-

phism <pp of Fi into itself is necessarily onto. Indeed if £ is a finite normal

subfield of £2, then ppiEC\F2) QEr\F2 and since [<ppiEi\Fi) : Q] = [EÍ\F2: Q],
equality must hold. However every element of P2 is in a finite normal sub-

field of 0. Thus p\p is onto and consequently so is <p- Let ® be the group of all

automorphisms of ß. Then, as is well known, ® is a compact topological

group with the topology defined by taking for a neighborhood basis of the

identity those subgroups We consisting of all automorphisms which leave

fixed all the elements of a finite extension E of Q. If £ is a finite subfield of

Fi, let ®b= {pE®\<t>iE)QFi}. First note that ÊE is closed in ®. In fact,

^e')Ie = ^e so that the complement of Me is a union of cosets of the open

subgroup 9Îe. Also, Me is not empty. Indeed, E = Q(a) for some aEFi. Let

P be the field polynomial of a over Q. Then by the hypothesis of the lemma,

there is an a'EF2 such that P(a') =0. Consequently, there is an isomorphism

<p of E into P2 and this can be extended to an automorphism of fi which, by

its definition, belongs to Me- Since the finite subfields of Pi are directed by

inclusion, it follows that the closed sets Me have the finite intersection prop-

erty. The compactness of ® implies that there is an automorphism cp of fi

such that (piE)Ç7-Fi for all subfields E of Pi which are finite over Q. Thus,

PiFi)QF2. This completes the proof of 6.6.3 and 6.6.2.

6.7. The fields Ct(M) cannot be entirely arbitrary. This is shown, for

example, by the following result.

Theorem 6.7.1. 7/ ME&iX), then the field a(M) has infinite degree over

its prime field.

Proof. If p is any prime, and if m and n are integers, then at least one of

the quantities m, n or mn is a quadratic residue modulo p. That is, the sen-

tence ( 3X)((X2 — w)(X2 — m)(X2 — mn) =0) is valid in Zp for every p. Conse-

quently, by 6.4.5 it is valid in C(A, Z)/M for every M. Thus, for any two

elements m, ñ oí the prime field of CiX, Z)/M, at least one of m, ñ or mñ has

a square root in a(M). If MESiX), various choices of m, ñ will give an in-

finite linearly independent set over the prime field of Ct(M).

The question of which fields can be realized in the form Ct(M) seems to

be difficult. One might hope that all such fields are normal. However this is

not the case.

Example 6.7.2. If X is not a ZPC space, then there is a maximal ideal

MESiX) such that Ct(M) is not normal over its prime field.
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Proof. It is well known (see, for example, [7, p. 116]) that the congruence

X3 + 2 (mod p) has exactly one solution if p is a prime of the form 6m — 1,

m^l. Let LTo be the set of all such primes. Then the arithmetic sentence

¿li=(3X)(X3-2 = 0) is valid in Z„ lor all pGLT0. On the other hand, the
sentence

Ai = (3\i)(3\i)(3\3)(Vixi)(\fßi)(y/n3)(ui(\i + \i + \i)

+ /¿2(XiX2 + X2X3 + X3X1) + M3(XiX2X3 — 2) = 0)

fails to be valid in each Zp with pGLTo. Indeed A2 is valid in a field F if and

only if the polynomial X3 —2 splits completely in F. Let M he a maximal

ideal in 3(X) such that 1IoE<?(M). Such an ideal exists by 4.2.3. By 6.4.1,

Ai is valid in C(X, Z)/M, but A2 is not valid in C(X, Z)/M. Thus (x(M) con-

tains precisely one root of the polynomial X3 —2. Therefore &(M) is not nor-

mal.

We conclude this section by showing that the field of all algebraic numbers

can be realized in the form d(M).

Example 6.7.3. If X is not a ZPC space, then there exists a maximal ideal

ME&(X) such that (L(M) is algebraically closed.

Proof. Let Pi, P2, ■ • • be an enumeration of all monic polynomials in

the indeterminate X with integral coefficients. Let A{= ( 3X)(P,-(X) =0), and

let LT¿= {pGIl|^4< is valid in ZP}. In view of 6.4.6, it is sufficient to prove the

following two lemmas.

Lemma 6.7.4. For any n, niDII2r\ • • ■ ÍMln is infinite.

Lemma 6.7.5. If F is a field of characteristic zero in which Ai, A2, ■ ■ ■ are

all valid, then F contains the algebraic closure of its prime field.

Proof of 6.7.4. Let K be the subfield of the complex numbers which is

generated by the roots of Pi, • • • , P„. Then K is a finite, normal extension

of the rational field Q. Let 6 be an algebraic integer such that K = Q(6). Let P

be the field polynomial of 6 over Q. Then P is a monic, irreducible polynomial

with coefficients in Z. Let d be the discriminant of P. Since P has roots mod-

ulo an infinity of primes, it is sufficient to show that if P has a root modulo p

and p does not divide d, then each of the polynomials Pi, ■ ■ • , Pn has a root

modulo p. If p does not divide d, the roots of P modulo p are distinct. If also

P has a root modulo p, Hensel's Lemma implies that there is a p-adic integer

a such that P(a)=0. Consequently, the field Q(a) is isomorphic to Q(6).

Therefore Pi, P2, • • • , P„ split in Q(a). In particular, there exist p-adic

integers p\, • • • , ßn such that Pi(ßi) = ■ • ■ =Pn((3„)=0. It follows that each

Pi has a root modulo p.

Proof of 6.7.5. If Ai, Ai, • • ■  are all valid in F, then clearly every poly-
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nomial of positive degree with rational coefficients has a root in P. Thus,

6.7.5 is a special case of 6.6.3.

7. Unsolved problems.
7.1. How close is the relation between the algebraic structure of CiX, Z)/M

and the filter <P(M)? In particular, does C(X, Z)/M9áCiX, Z)/N imply

(P(M)=(P(A/)? Note by cardinality considerations that there exist ideals M

and N such that ft(M)^a(A) and (P(M)^(P(AO.
7.2. What relations exist between the ultrafilters (P(M) and 1t(M)? It is

clear, for example, that if H(M) is fixed, then the same is true of (P(M).

7.3. For maximal ideals M and 7Y of C(X, Z), do the equalities (P(M)

= (P(A) and ll(ikf) = 1t(A) imply the equality M=N?
For convenience in stating the next three problems, let us say that a field

P is a residue class field if there is a space X and a maximal ideal M in C(A, Z)

such that F^CiX, Z)/M.
7.4. What are the possible cardinalities of residue class fields? If P is a

residue class field, is it true that | P| N°= | P| ?

7.5. If Pi and P2 are residue class fields which are contained in a field P,

is there a residue class field containing a field isomorphic to P?

7.6. If P is a residue class field, is there a discrete space X and a maximal

ideal M in C(A, Z) such that P^C(X, Z)/M? Note that the corresponding

problem for Cfc(M) has an affirmative solution by 6.6.2 and 4.2.2.
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