RINGS OF INTEGER-VALUED CONTINUOUS FUNCTIONS

BY
R. S. PIERCE(Y)

Introduction. The purpose of this paper is to study the ring C(X, Z) of all
integer-valued continuous functions on a topological space X. Our subject is
similar in many ways to the ring C(X) of all real-valued continuous functions
on X. It is not surprising therefore that the development of the paper closely
follows the theory of C(X).

During the past twenty years extensive work has been done on the ring
C(X). The pioneer papers in the subject are [8] for compact X and [3] for
arbitrary X. A significant part of this work has recently been summarized in
the book [2]. Concerning the ring C(X, Z), very little has been written. This
is natural, since C(X, Z) is less important in problems of topology and analy-
sis than C(X). Nevertheless, for some problems of topology, analysis and
algebra, C(X, Z) is a useful tool. Moreover, a comparison of the theories of
C(X) and C(X, Z) should illuminate those aspects of the theory of C(X)
which derive from the special properties of the field of real numbers. For these
reasons it seems worthwhile to devote some attention to C(X, Z).

The paper is divided into six sections. The first of these treats topological
questions. An analogue of the Stone-Cech compactification is developed and
studied. In §2, the ideals in C(X, Z) are related to the filters in a certain
lattice of sets. The correspondence is similar to that which exists between the
ideals of C(X) and the filters in the lattice of zero sets of continuous functions
on X. This theory provides a characterization of those ideals of C(X, Z)
which are intersections of maximal ideals. §3 is concerned with the space of
maximal ideals in C(X, Z). In §4, some existence theorems for maximal ideals
are proved. The residue class fields of C(X, Z) modulo maximal ideals are
studied in the last two sections. It turns out that those of prime character-
istic are trivial: the integers modulo the characteristic. The residue class
fields of characteristic zero are distinctly nontrivial. In §5, the cardinality of
such fields is investigated. The main result is that they are always uncounta-
ble. In §6, the algebraic properties of the zero characteristic residue class
fields are examined. It is shown for example that these fields are always quasi-
algebraically closed.

As we noted above, very little has been published concerning the ring
C(X, Z). Nevertheless, a considerable number of “folk theorems” exist in
the subject. One of our objectives in writing this paper is to get these results
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into general circulation as concisely and efficiently as possible. Use is made of
many people’s ideas. H. H. Corson, Leonard Gillman and J. R. Isbell deserve
special mention. But above all the paper owes its existence to Edwin Hewitt,
who first stimulated the author’s interest in C(X, Z). Several theorems pre-
sented here are direct consequences of extended discussions with Hewitt.
They are truly the products of joint research. For this generous help, the
author extends his sincerest thanks to Professor Hewitt.

Our notation is largely taken from (or patterned after) [2]. As usual, Z
represents the ring of integers and Q denotes the field of rationals. For any
nEZ, let Z, be the residue class ring of Z modulo the ideal generated by ».
Following [2], if E€Z, the symbol n represents the constant function (on
the space under consideration) whose value at each point is n. The set of all
rational primes is denoted by II. The cardinal number of a set S is designated
|S I The symbols for set and ring operations are standard. We use []: R;
to represent the direct product of the family of rings {Ri}. Finally, C*(X, Z)
will denote the ring of all bounded, integer-valued, continuous functions on X.

1. Topological considerations.

1.1. Let X be an arbitrary topological space. By a partition of X, we
will mean a countably infinite collection { V:};; of open subsets of X such
that V.N\V;=¢ if i#j and U;V;=X. The partition is called infinite if
infinitely many V; are nonempty. Otherwise it is called finite. It is clear that
each V;in a partition is both open and closed. In fact, the union of any subset
of a partition is open-and-closed. The Boolean algebra of all open-and-closed
subsets of X will be designated by 8B(X), or simply 8 where reference to the
space X is unnecessary.

1.2. LEMMA. Let {V;} be a partition of X. Suppose that for each i, fi
€C(V;, Z). Define f: X—Z by f(x) =fi(x) for x&V,. Then fEC(X, Z).

An important case of this lemma is where each f; is constant on V.

1.3. Along with the usual ring and lattice operations, it is possible to
form quotients, remainders and greatest common divisors in C(X, Z) and
C*(X, 2).

LemMA 1.3.1. Let f, g€ C(X, Z). Then functions d and r exist in C(X, Z)
such that f=dg+r and Ir(x) <|g(x)| if g(x)#0. Moreover, d and r can be
chosen so that |d| = |f| and |r| S|f|. In particular, if FEC*(X, Z), then it
can be assumed that d and r are also in C*(X, Z).

LemMa 1.3.2. Let f, g€ C(X, Z). Let d: X—Z be the non-negative function
such that d(x) is the greatest common divisor of f(x) and g(x) for all xEX. Then
dEC(X, Z). Moreover, there exist functions a and b in C(X, Z) such that
d=af+bg. If f and g belong to C*(X, Z), then dEC*(X, Z) and it is possible
to choose @ and b in C*(X, Z) also.
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These lemmas follow easily from 1.2, using the fact that if { U;} and { V;}
are partitions of X, then so is { U:N\V;}.

We will denote the non-negative greatest common divisor of f and g by
(f, ®.

1.4. Let ¢ be a continuous mapping of X into Y. Let ¢* be the mapping
of C(Y, Z) into C(X, Z) defined by

(¢*)(x) = f(¢x).

It is evident that ¢* is a ring homomorphism. We will call ¢* the adjoint
of the mapping ¢. Note that ¢* maps C*(Y, Z) into C*(X, Z).

LEMMA 1.4.1. ¢* is one-to-one if and only if Y contains no nonempty open-
and-closed set disjoint from ¢(X).

Proof. If U is open-and-closed in ¥ and UN¢(X) =, then ¢*xv =0,
where xv is the characteristic function of U. Conversely, if f#0 in C(Y, Z)
and ¢*f=0, then U= {yE Ylf(y) #0} is a nonempty open-and-closed set in
Y which is disjoint from ¢(X).

DEFINITION 1.4.2. If ¢* maps C(Y, Z) onto C(X, Z), then ¢ is called a
Cz-injection. If ¢* maps C*(Y, Z) onto C*(X, Z), then ¢ is called a C3-
injection. If ¢ is also one-to-one and bicontinuous, then it is called a Cz-
embedding (respectively C3-embedding).

Evidently, a one-to-one continuous mapping ¢ of X into YV is a Cz-
embedding (C3-embedding) if and only if every fEC(¢pX, Z) (respectively,
C*(¢X, Z)) can be extended to a continuous, integer-valued function on Y.

1.5. Let S be a subset of C(X, Z). Define Pg to be the topological product
of the discrete spaces f(X), fES. Let ¢s be the mapping from X into Pg de-
fined by mapping x into the point ( - - - f(x) - - - )res. Obviously, ¢s is con-
tinuous. For each fES, let fy be the function mapping Py into Z defined by
fo( «+ %+ -+ )=x. That is, fo is the projection of Ps onto the f-coordinate.
Hence, fo is continuous. By definition, fo(¢s(x)) =f(x) for all x€X. In other
words, the adjoint of ¢s maps fo onto f. These observations yield the following
results in the special cases S=C(X, Z) and S=C*(X, Z).

THEOREM 1.5.1. Any space X admits a Cz-injection into a topological prod-
uct of countable discrete spaces.

THEOREM 1.5.2. If X is any space, there is a continuous mapping of X into
a compact, totally disconnected (Hausdorff) space 6X such that the adjoint map-
ping is an isomorphism of C*(6X, Z) onto C*(X, Z).

Proof. Let S=C*(X, Z) and define 6X to be the closure of ¢sX in Psg.
Since f(X) is finite for each fES, the Tychonoff theorem implies that Pg is
compact.

1.6. We will show that the space 6X and the mapping of X into 6X (ob-
tained in 1.5.2) are unique. First note that the isomorphism of C*(6X, Z)
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onto C*(X, Z) carries idempotents onto idempotents. Therefore, the Boolean
algebras B(6X) and B(X) are isomorphic. Since 6X is compact and totally
disconnected, it is homeomorphic to the Boolean space of B(8X) (see [8]).

THEOREM 1.6.1. Up to homeomorphism, there is one and only one compact,
totally disconnected space 8X such that C*(X, Z)=C*(6X, Z), namely, the
Boolean space of B(X).

THEOREM 1.6.2. Suppose that Y1 and Y, are compact, totally disconnected
spaces and that ¢y and @, are continuous mappings of X into Y1 and Y, such
that ¢i* is an isomorphism of C*(Y1, Z) onto C*(X, Z) and ¢3* is an isomorphism
of C¥(Y,, Z) onto C*(X, Z). Then there is a homeomorphism ¢ of Y, onto ¥
such that ¢ =ys.

Proof. Since ¢F~'¢* is an isomorphism of the Boolean algebra of idem-
potents in C*(Yy, Z) on the Boolean algebra of idempotents in C*(Y,, Z),
there is a homeomorphism ¢ of Y onto Y1 such that y* =¢s* "¢, at least on
the idempotents (see [8]). Then (Y¢,)*=¢* (on idempotents). Suppose
Ypa(x) #Zp1(x). Choose an open-and-closed set U in Y; containing ¢:i(x) but
not Yigy(x). Then ¢*xv(x) = xv($1(x)) = 150 =xv{$s(x)) = (¢2) *xv(x), a con-
tradiction. Thus, Y¢.=¢:.

Because of these theorems, we are justified in introducing the special
symbols 86X for the space having the properties described in 1.5.2. Moreover,
the injection of X into 6X is sufficiently unique to be given a name. Let 6
designate this mapping.

It follows easily from the definition of the adjoint homomorphism that if
U is an open-and-closed set in §X, then '

*xv = xo'v.

This identity, together with the fact that 6* maps the 1dempotents of
C*(X, Z) onto idempotents, yields

LEMMA 1.7.1. If V is an open-and-closed set in X, there is an open-and-
closed set U in 86X such that V=0"'(U). Hence, (V) is open-and-closed in 6(X).
Moreover, (X — V) =6(X) —6(V).

CoOROLLARY 1.7.2. The injection 0: X —06X is one-to-one if and only if the
open-and-closed sets of X separate points. It is an embedding if and only if X
is a Ti-space and the open-and-closed sets form a basis for the topology.

Two sets S and T in a space X are said to be completely separated if there
is a real-valued, continuous function on X which takes the value zero on S
and the value one on T.

THEOREM 1.7.3. Let X be a completely regular space and let BX be the Stone-
Cech compactification of X. Then BX is homeomorphic to 8X if and only if every
pair of completely separated sets in X are separated by an open-and-closed set.
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Proof. By 1.6.2, 8X is homeomorphic to 8X if and only if 8X is totally
disconnected. Moreover, for a compact Hausdorff space, total disconnectivity
is equivalent to the condition that completely separated subsets are separated
by an open-and-closed set. Finally, since every bounded, real valued, con-
tinuous function on X has a unique extension to 8X, the condition that com-
pletely separated sets are separated by open-and-closed sets is satisfied in
BX if and only if it is satisfied in X.

REMARK. An example of a metric space in which the open-and-closed sets
separate points, but do not form a basis can be found in [2, 16L]. This same
reference (see 16M) contains an example of a space X such that X is not
totally disconnected, but X does have a basis of open-and-closed sets.

1.8. As in the case of C(X), the structure of C(X, Z) is relatively simple
if X has the property that all of its integral-valued, continuous functions are
bounded. :

DEeFINITION 1.8.1. A space X is called Z-pseudocompact (abbreviated
ZPC) if C(X, Z)=C*(X, 2).

The notion of Z-pseudocompactness is an obvious analogue of pseudo-
compactness introduced in [3]. Any pseudocompact space is ZPC. So is any
connected space.

LemMA 1.8.2. The following conditions on a topological space X are equiva-
lent.

(@) X admits an infinite partition (see 1.1).

(b) There is a continuous mapping of X onto the discrete space of positive
integers.

(c) X s not Z-pseudocompact.

Proof. (a) implies (b) by 1.2; (b) implies (c) obviously; (c) implies (a),
since if fEC(X, Z) — C*(X, Z), the set of all V,= {xEXIf(x)=n} is an in-
finite partition of X.

1.9. We now examine the relation between ZPC spaces and pseudocom-
pact spaces. Let §: X—4X be the canonical mapping defined in 1.6.

LEMMA 1.9.1. 6* maps C(0(X), Z) isomorphically onto C(X, Z).

Proof. By 1.4.1, 6* is one-to-one. Let fE C(X, Z). If f(x)f(y), then there
exists an open-and-closed set U containing x but not y. Therefore x#60y by
1.7.1. Thus, there is a function g: 8(X)—Z such that g(0x) =f(x) for all xE X.
If n€Z, then g*({n})={6x|g(6x) =n} = {6x[f(x) =n} =6({x|f(x) =n}) is
open in 6(X) by 1.7.1. Therefore g is continuous and f=0%g. Since f was
arbitrary, 6* is onto.

It is clear that if 6X is identified with the Boolean space of all ultra-
filters of B(X), then 6(X) is the subspace consisting of all ultrafilters with a
nonempty intersection. Thus, the topological structure of -0(X) is easily
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determined from X. Note that 6(X) is a Hausdorff space in which the open-
and-closed sets form a neighborhood basis. Such spaces play the same role
in the theory of C(X, Z) as the completely regular spaces play in the theory
of C(X).

LEMMA 1.9.3. If the space X has a basis of open-and-closed sets, then X is
Z-pseudocompact if and only if it is pseudocompact.

Proof. Suppose f is an unbounded, real-valued function on X. Then there

is a sequence xy, X3, * + -+, %;, - + - of points in X, and a sequence 71, 73, - - -
riy « - - of real numbers tendmg to infinity such that r; < [ f(x1)| <r,< | f(xz)l
<+ <r<|f(xd| < - - - . Since X has a basis of open-and-closed sets and

f is continuous, there exist open-and-closed sets V; with x; € V;
Q{xEXIr,'<|f(x)| <ri1). In particular, ViNV;=g if i#j. Moreover,

Vo=X—-UV,=U{2€ X| |f®)]| <rix} = Vi UVU .- UVY)

i=1 =1

is open. Thus, X admits an infinite partition, so that it is not a ZPC space
by 1.8.2.

COROLLARY 1.9.4. An arbitrary space X is Z-pseudocompact if and only if
0(X) is pseudocompact.

2. Ideals in C(X, Z). In the theory of C(X), an important part is played
by the correspondence between the ideals in C(X) and the filters in the lattice
of zero sets of continuous functions. The purpose of this section is to develop
an analogous correspondence for C(X, Z). Throughout this section, X is
assumed to be a fixed topological space.

2.1. Let II be the set of all rational primes. We will consider II to be a
Ti-topological space with the closed sets ® being precisely the finite (or
empty) subsets, or all of II. This is the standard topology for II considered
as the structure space of the ring Z (see [4, p. 204]). We will be concerned
with the product space (or set) X XII. It is convenient to introduce standard
symbols £ and 7 for the projection mappings of X XII onto X and II respec-
tively: &(x, p)=x, m(x, p)=2.

DEerFINITION 2.1.1. Let fEC(X, Z). The divisibility set of f, denoted D(J),
is defined to be {(x, p)EX XII|f(x) =0 mod p}. The collection of all divisi-
bility sets of elements of C(X, Z) is denoted by ® (or D(X) if it is necessary
to indicate the dependence on X).

LEMMA 2.1.2. D is the collection of all sets of the form UL, Vi X®,, where
{ V,-} is a partition of X and each ®; is a closed subset of II.

Proof. Let fEC(X, Z). Define U.={xEX|f(x)=n}, V.= {pE€I|p di-
vides n} (hence ¥1=¢ and ¥=II). Clearly D(f) =U,cz U.X¥,, which is
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the desired form with a suitable rearrangement of subscripts. Conversely,
suppose that D=U;Z; V;X®,. Define fi(x) =0 if x©V; and &;=1I, fi(x) =1 if
xEV;and ®;=F, and fi(x) =p1ps - - - p;if xEV;and ;= {Pl, [ 2ZTERIRIEIN p,}
Then fEC(X, Z) by 1.2 and by the definition of f, D(f) =D.

As usual, the mapping D induces a mapping from the subsets of C(X, Z)
to the subsets of D, namely D(F) = {D(f)] fEF}, and from the subsets of
D to the subsets of C(X, Z), that is D~(%) = {fEC(X, Z)| D(f) EF}.

DEFINITION 2.1.3. Define ® to be the subset of D consisting of all D(f)
such that f(x) =0 for all x€X.

LEMMA 2.1.4. ® is the collection of all sets of the form UL, ViX®;, where
{ Vi} is a partition of X and each ®; is a finite subset of 1L

The proof is like that of 2.1.2.

COROLLARY 2.1.5. If BE® and if A is a subset of X XII which is of the
form U, ViXIL,, where { V;} is a partition of X and each 11; is an arbitrary
subset of 11, then BNAE®.

COROLLARY 2.1.6. If BE® and DE D, then BN\D*E® (the complement
being formed with respect to X XII).

It is convenient to introduce notation for the cross-sections of subsets of
X XII. For any ACX XII and any xEX, denote

4. = {p €M (x, p) € 4}.

Note that if DE D, then for any x, D, is either finite or all of II. Moreover,
D, is finite for all x if and only if DE®. This implies:

LeEMMA 2.1.7. Suppose that CCX XII, DE D, CND =& and C.# & for all
xEX. Then DE®.

2.2. The lemma of this article is a simple consequence of the definition
of D and 1.3.2.

LEmMA 2.2.1. Let f, g€ C(X, Z). Then
(@) D(fg) =D(f)\ID(g);

(b) D(f—g)2D(f)ND(g);

(c) D((f, £))=D(f)ND(g).

COROLLARY 2.2.2. D 1is closed under set unions and intersections. ® is a
Boolean ring of sets.

2.3. We now use D and D! to establish a correspondence between the
ideals of C(X, Z) and the filters of D.

LEMMA 2.3.1. If J is an ideal of C(X, Z), then D(J) s a filter of ©. If §
is a filter of ®, then D(g) s an ideal of C(X, Z). '
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This is clear from 2.2.1. The next two lemmas are also obvious.

Lemma 2.3.2. JiCJ, tmplzes D(Jl)(_:D(Jz), glggz zmplzes D—l(gl)
C€D!(g); D~Y(D(J))2]; D(D~(9)) =4.

Lemma 2.3.3. If {g,laES} 1is a set of filters of D, then

D“(ﬂ q) = N D(g,).

es oES

LEMMA 2.3.4. If J is a proper ideal of C(X, Z), then D(J) is a proper filter.
If g is a proper filter, then D~'(9) is a proper ideal of C(X, Z).

Proof. If D(f) =, then f(x) = +1 for all & X. Therefore f2=1 and if J
is proper, then f&J. Obviously, if & &g, then 1&ED(g).

COROLLARY 2.3.5. If M ¢s a maximal (proper) ideal of C(X, Z), then D(M)
is an ultrafilter of ©. If M is an ultrafilter of D, then D1(IM) is a maximal ideal
of C(X, 2).

B¥ Proof. Suppose that D(M)C9C®D. Then MCD-Y(D(M))CD-'(g)
CC(X, Z). Since M is maximal, M =D"'(g). Therefore g=D(D"'(g))
=D(M). Suppose that D~(9m) CJ CC(X, Z). Then 9m=D(D-}(9n)) SD(J)
C ®. Since 9 is an ultrafilter, 9= D(J). Therefore, JCD~Y(D(J)) = D~}(9M)
cJ.

COROLLARY 2.3.6. If M is a maximal ideal, then D~(D(M)) = M.

2.4. We wish now to prove that every proper filter in D is an intersection
of ultrafilters. The proof of this fact is based on a lemma which is useful in
its own right. For any 4 € D, define Dy = {Df\Acl Dc :D}. More generally,
if FC D, let $4={DNA°| DEF}. Evidently Dy is closed under intersections
and &€ Dy4. Thus, it makes sense to talk about filters in Dy .

LeEMMA 2.4.1. Let ACE D and A#X XIL. Suppose that N is an ultrafilter
of Da. Then NNB= . '

Proof. Let A=D(f), fEC(X, Z). Define V.= {xEX|f(x)=n}. Define
gEC(X, Z) by g(x) =1 for xEV,, and for xE V, (n#0), let g(x) =pn, where
pa is any prime not dividing #. Then, by definition of g, D(g) ©® and D(g)
CAe, If D(g) EN we are through. Otherwise, since 9T is an ultrafilter, there
exists DE D such that DNAES N and D(g)N\DNAc= &. Since D(g) A,
this implies D(g)N\D = &. In particular, (D(g)).ND.= & for all x. Therefore
D,#11, unless (D(g)).= &, that is, g(x) =1. But if g(x) =1, then x&V, and
A.=II. Thus, for all xEX, (DNA°), is finite. Consequently, DNA°C ®.

LeEMMA 2.4.2. Every proper filter in D is the intersection of ultrafilters.
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Proof. Suppose that J is a filter of D and 4 is an element of D which does
not belong to g. It will suffice to show that there is an ultrafilter 9 of D such
that S M and 4 EIN. It is easy to see that g, is a filter in Dy4. Since 4 € 4,
ga is proper. Let 91 be an ultrafilter of D, with g4 © N. Define

={DeD|DNA*€qn}. Clearly M is a filter of D which does not contain
A. Suppose that CE D—IM. Then CNA°EN. Since N is an ultrafilter of Dy,
there exists DE M such that (CNA)YN(DNA°)=F. By 2.4.1, there exists
BENN®. Then BNDEM and CN(BND)=CNDNA*NB= . Since C
was arbitrary, 9 is an ultrafilter.

2.5. We can now easily prove the main theorem of this section.

TueoreM 2.5.1. If J is an ideal of C(X, Z), then D~1(D(J)) is the inter-
section of all maximal ideals of C(X, Z) which contain J.

Proof. Let M be a maximal ideal containing J. Then by 2.3.2 and 2.3.6,
M=D"Y(D(M))2D~(D(J)). Thus, D~1(D(J)) is contained in the intersec-
tion of all maximal ideals containing J. On the other hand, by 2.3.4 and 2.4.2,
we can write D(J) =MN,es M,, where {M,|c €S} is a set of ultrafilters of D.
Therefore, by 2.3.2, 2.3.3 and 2.3.5, D~Y(D(J)) =N,es D~}(M,) is an inter-
section of maximal ideals containing J.

COROLLARY 2.5.2. The following conditions are equivalent for an ideal J of
CX, 2):

(@) D~Y(D())=J;

(b) J is an intersection of maximal ideals;

(c) C(X, Z)/J is a subdirect sum of fields;

(d) C(X, Z2)/J has zero Jacobson radical.

See [4, p. 14]. :

Defining the circle composmon as usual by fog=f+g—fg, we easnly
deduce from [4, p. 9]:

COROLLARY 2.5.3. If J isan ideal of C(X, Z), then D-Y(D(J)) = {fEC(X, Z)|
for all g, there exists h such that ko (gf) EJ }

2.6. By 2.5.1, D~Y(D(J)) is the Jacobson radical of the ideal J. It can
be inferred that D-!(D(J)) contains the ordmary radical of J:J!/2

={feC(X, 2)|f*€J for some k=1, 2,

THEOREM 2.6.1. If J is an ideal of C(X, Z), then D“(D(]))DJ”2 The
equality holds for all ideals J of C(X, Z) if and only if X is a ZPC space.

Proof. If f"EJ then D(f)=D(f*)&D(J) and therefore feEDY(DW)).
This shows, in a very direct way, that J/2C D-1(D(J)). Suppose that X is a
ZPC space. Then if f&D~'(D(J)), there is a function g&J such that D(f)
=D(g). That is, for each x € X, the prime divisors of f(x) coincide with those
of g(x). Hence, if k is an integer greater than all exponents of the prime



380 R. S. PIERCE [September

divisors of g(x), then f(x)* is divisible by g(x). Since X is a ZPC space, g
takes only finitely many values and it is possible to choose & so large that g(x)
divides f(x)* for all x ©X. Thus, by 1.3.1, f*=gh& J and consequently f& J'/2
Finally, suppose that X is not a ZPC space. Let { V;} be an infinite partition
of X. Let p be any prime. Define fEC(X, Z) by f(x) =p7 for all xE V. Let
J={fr|hEC(X, Z)}. By definition of f, D(f) =D(p). Thus, pED~}(D(J)).
However, for each k, p* is not divisible by fin C(X, Z). Thus, p& JV2,

3. The structure space of C(X, Z). Throughout this section X is a fixed
topological space.

3.1. The structure space of C(X, Z) is defined as for any commutative
ring with identity to be the set € =&(X) of all maximal ideals topologized
by the hull-kernel closure operation: for AC &

A ={Mcs|M2NY}.

This closure operation makes & into a compact T; space (see [4, pp. 204
and 208]). The importance of the structure space & resides in an elementary
consequence of 2.5.1.

LEMMA 3.1.1. There is a one-to-one correspondence (order reversing) between
the closed subsets of © and the ideals J of C(X, Z) satisfying D~ (D(J))=J.
This mapping is defined by A—NA.

It is possible to introduce a similar topology on the set &, of all ultra-
filters of D:1if A; S &, then

A = {fmegllmenﬂl}-

It is easily shown that this closure operation makes &, into a compact T
space also.

LEMMA 3.1.2. The mapping D is a homeomorphism of © onto S,.

Proof. By 2.3.2, 2.3.5 and 2.3.6, D maps © one-to-one onto &, with in-
verse D!, It suffices to show that D~! commutes with the closure operations.
Let A, € S,. Then MEAT if and only if MDNYA;. By 2.3.3, this is equivalent
to D-Y(9m) DD-}(NA;) =NDA;. Hence D~'(A7)=(D'A;)~ and therefore
D' is a homeomorphism. Thus, D is a homeomorphism.

3.2. We wish now to determine the structure space of C(X, Z) in case X
is a ZPC space. By 3.1.1, it is sufficient to consider &,.

LEMMA 3.2.1. Suppose X is compact and totally disconnected. Then the map-
ping ¢: (x, p)—{DE D|(x, p)ED} is a homeomorphism of X XII onto ..

Proof. The proof is based on three easily verified observations. (a) The
sets of D are closed; (b) X XII is compact; (c) the sets of D separate points.
Note that {DED|(x, p)ED} =D({fEC(X, Z)|f(x) =0 mod p}). Since
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{fecx, Z)[ f(x) =0 mod p} is a maximal ideal, namely the kernel of the
homomorphism f—f(x) +pZ of C(X, Z) on Z,, we see that { DE D|(x, p)ED}
is an ultrafilter of ®. Suppose MES,. By (a) and (b), E=NIN is not empty.
Let (x, p)EE. Then CE M implies {(x, p) E C and therefore
cef{pe :DI (x, p) € D}. Consequently, since 9 is an ultrafilter,
m={D& :D] (x, p)ED]}. Thus, ¢ is onto. By (c), ¢ is one-to-one. Suppose
that %, is closed in &,. Let (x, p) €¢~'(2). That is, { DE D|(x, p)ED} does
not contain N¥;. Hence, there is a CENY; such that (x, p) &C. Suppose
C=N; ViX®;, where { V,} is a partition of X. Then x& V; for some 4. Since
(x, p) €& C, this implies p &®;. Therefore ®; is finite and V; X ¥ is a neighbor-
hood of (x, p) in X XII. Moreover, if (y, ¢)& V;X®{, then {y, ¢)&C. Hence
C&o((y, ¢)) and therefore since CENA;, ¢((y, q)) &A:. Hence V; XIS
C (7' (QA))e. Thus, ¢~1(As) is closed and ¢ is continuous. Since X is totally
disconnected, the sets of the form VX®¢, where V is open-and-closed in X
and ®CII is finite, constitute a basis for the open sets of X XIIL. If (x, p)
G VXPe, then (x, p)EVX®P or (¥, p)EV*XIl and conversely. Thus,
d((VX®9)?) = {mMES,| VXPEM} U {MES,| VeXTIEM}. Since the sets
{meS,| Vxeem} and {MES,| VexIEm} are obviously closed in &,
it follows that ¢ is bicontinuous.

Combining 3.1.1 and 3.2.1 with 1.5.2 and 1.8.1 yields

CoROLLARY 3.2.2. Let X be a ZPC space. Then & is homeomorphic to
0X XII.

COROLLARY 3.2.3. If X is a ZPC space, then every residue class field of
C(X, Z) s isomorphic to Z, for some prime p.

Proof. Since C(X, Z)=C(8X, Z), we may suppose that X is compact and
totally disconnected. Then, as we noted in the proof of 3.2.1, every maximal
ideal of C(X, Z) is the kernel of a homomorphism of C(X, Z) on Z,.

COROLLARY 3.2.4. If X is any space. then every residue class field of C*(X, Z)
1s 1somorphic to Z, for some prime p.

Proof. By 1.5.2, C*(X, Z)==C*(6X, Z)=C(6X, Z). Thus, 3.2.4 follows
from 3.2.3.

3.3. If X is not a ZPC space, then the structure space of C(X, Z) is more
complicated. We devote the remainder of this section to the study of this
situation. First it is convenient to introduce some notation.

DEerFINITION 3.3.1. Let X be any space. Let & be the structure space of
C(X, Z). Define

B(=PX) ={ME @] C(X, Z)/M has prime characteristic},
8(= B(X)) = {M € &| C(X, Z)/M has zero characteristic}.



382 R. S. PIERCE [September

LEMMA 3.3.2. If P is a proper prime ideal of C(X, Z) such that the character-
istic of C(X, Z)/P is a prime p, then C(X, Z)/P=Z,.

Proof. The constant function p belongs to P. If f&€ C(X, Z), then the func-
tion (f—1)(f—2) - - - (f—p) is divisible by p at each point. Hence, it is
divisible by p because of 1.3.1. Therefore (f—1)(f—2) - - - (f—p) is in P.
Since P is prime, f—k&P for some k, 1 Sk=p. That is, the constant func-
tions modulo p form a complete system of residues of C(X, Z) modulo P.

A similar argument shows that if P is any prime ideal of C(X, Z) then
each bounded function of C(X, Z) is congruent modulo P to a constant func-
tion on X,

LeEMMA 3.3.3. Let M be a maximal ideal of C(X, Z). Then the following condi-
tions are equivalent.

(@) C(X, Z)/ M=Z,;

(b) C(X, Z)/ M has characteristic p;

(c) M contains p;

(d) D(M) contains X X {p};

(e) DED(M) implies DON(X X {p})#= .

Proof. By 3.3.2, (a) is equivalent to (b). Obviously, (b) is equivalent to
(c) and (c) is equivalent to (d) by 2.3.6. Finally, (d) is equivalent to (e) by
2.3.5.

COROLLARY 3.3.4. Let M be a maximal 1deal of C(X, Z). Then the following
conditions are equivalent.

(a) MEB;

(b) M contains n for some nonzero nCZ;

(c) M contains a bounded function f such that f(x) %0 for all xEX.

Proof. Clearly (a) implies (b) implies (c). If (c) is satisfied, then by 1.2,
M contains n, where # is the least common multiple of all the integers f(x),
x&€X. Finally (b) implies that the characteristic of C(X, Z)/M is not zero.

3.4. LEMMA. Let M* be a maximal ideal of C¥*(X, Z). Define M= M*C(X, Z).
Then M is a maximal ideal of C(X, Z) such that M*= MNC*(X, Z).

Proof. First we show that M is a proper ideal of C(X, Z). By definition,
M*C(X, Z)={Zfg|f{EM*, g;€C(X, Z)}, which is clearly an ideal. If
2:figi€EM*C(X, Z), then D(Z:fig:) 2N; D(f:) # &. Thus, by 2.3.4 and 2.3.2,
M is proper. Consequently, MMNC*(X, Z) is a proper ideal of C*(X, Z) con-
taining the maximal ideal M*. Therefore MNC*(X, Z)=M*. By 3.2.4,
C*(X, Z)/ M*=Z, for some prime p. Consequently M contains p. Hence by
1.3.1, C(X, Z)=M+C*(X, Z). Thus, C(X, Z)/M=(C*X, Z)+M)/M
>C¥X,Z2)/(MNC*(X, 2))=C*(X,Z)/ M*=2Z,. Thus M is a maximal ideal.

3.5. We can now relate the subspace P of & to the structure space of
C*(X, 2).
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THEOREM 3.5.1. For MEP, define ¢(M)=MNC*(X, Z). Then ¢ maps
B one-to-one and continuously onto the structure space of C*(X, Z).

Proof. If M P, then for some p, C(X, Z)/M=Z, by 3.3.3. Restricted
to C*(X, Z), the mapping of C(X, Z) on Z, with kernel M will have kernel
M N C*X, Z). Thus, ¢(M) is a maximal ideal of C*(X, Z). By 3.4,
(MNC*(X, 2))C(X, Z) is a maximal ideal of C(X, Z) and it is clearly con-
tained in M. Thus, (MNC*(X, 2))C(X, Z)=M. Together with 3.4, this
shows that ¢ is a one-to-one mapping of P onto the structure space of
C*(X, Z). Let A* be a closed subset of the structure space of C*(X, Z). We
wish to show that A= {ME‘B| MNC*(X, Z)EA*} is closed in P, that is,
A-NPCA. Let MSA-NP. Then MDNY. Since NEY implies NNC*(X, Z)
€A*, it follows that MNC*(X, Z)DNA*. Hence, since A* is closed,
MNC*(X, Z)SA* and therefore MC.

If X is not a ZPC space, then the mapping ¢ of 3.5.1 is not bicontinuous.
Infactif fisan unbounded function of C(X, Z), then theset A = { McP |f€M}
is clearly closed in P, but ¢(¥) is not closed in the structure space of C*(X, Z).

COROLLARY 3.5.2. For any space X, there is a continuous, one-to-one map-
ping of B(X) onto 6X XII.

4. Existence theorems for maximal ideals. The purpose of this section is
to establish the existence of maximal idealsin C(X, Z) having various special
properties.

4.1. We will associate with each maximal ideal M of C(X, Z) an ultra-
filter W(M) in B(X) and an ultrafilter ®(M) in the Boolean algebra of all
subsets of II. It will be shown in §6 that ®(M) is closely related to the alge-
braic properties of the residue class field C(X, Z)/M.

DEFINITION 4.1.1. Let M be a maximal ideal of C(X, Z). Define

U(M) = & D(M)).
P(M) = {1, C III Iy D = (D()) for some f € M}.

LEMMA 4.1.2. W(M) is an ultrafilter in B(X).

Proof. If fEC(X, Z), then £(D(f)) = {xEX|f(x) #1}. Thus, £(D(M))
CPB(X). We show that for VEB(X) to be in U(M) it is necessary and suffi-
cient that VXIIED(M). The sufficiency is clear. If VXII&ED(M), then
VexXIIESD(M). Hence, no DE D such that £(D)="V can be in D(M) since
DN\(VeXII) = &. This shows that V& U(M). It is now evident that U(M)
is an ultrafilter.

If X is a ZPC space, then ®(M) is the fixed ideal of all subsets of II con-
taining a prime p by 3.2.3 and 3.3.3. Hence, in this case, ®(M) is an ultra-
filter in the Boolean algebra of all subsets of II. To prove that ®(M) is an
ultrafilter if X is not a ZPC space, we need a preliminary result.
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LeMMA 4.1.3. If X is not a ZPC space and 11 is any subset of 11, then there
exists fEC(X, Z) such that w(D(f)) =l and either f=1 or f(x) is prime for all
xcX.

Proof. If II, is empty, let f=1. Hence suppose that II;= {p,, pa -},
with repetitions allowed if II, is finite. Let { V;} be an infinite partition of
X with V& for all 4. Define f(x) =p; for xE V. Clearly, w(D(f)) =1l,.

THEOREM 4.1.4. ®(M) is an ultrafilter in the Boolean algebra of all subsets of
IL. If X is not a ZPC space, then ®(M) =n(D(M)).

Proof. We can assume that X is not a ZPC space. Suppose II,Ex(D(M))
and II,DII;. Then II,=7(D(f)) for some fE M. Let gEC(X, Z) be such that
m(D(g))=II,. Then fgEM and w(D(fg))==(D(f)\ID(g))=ILUIl,=1I,.
Thus, IIE7(D(M)). This shows that ®(M)==(D(M)). Now suppose that
II,, ILE®(M), say Ili=x(D(f)), I=n(D(g)), with f, gEM. Then ILNIIL,
Dr(D(f)ND(g)) =m(D((f, g))) and (f, g ©€M. Therefore ILNIL,EC(M).
Finally, if II, is any subset of II, then either II,E®(M) or IIGE®(M). To
see this, let f€ M be such that D(f) ©®. The existence of such an f follows
from the case A= of 2.4.1 (with 9t=D(M)). By 4.1.3, there exists
gEC(X, Z) such that D(g) €® and 7 (D(g)) =IL Then fg& M, D(fg) E® and
7 (D(fg)) =1L By 2.1.5, D(fg) (X XIIo) €® and D(fg)MN(X XIIz) € ®. Since
(D(fg)N\(X X))\ J(D(fe) (X X1I5)) = D(fg) ED(M), it follows that either
D(fg)N\(X XIIp) ED(M), or D(fg)MN(X XII§) ED(M). Thus, since w(D(fg))
=II, either Iy=m(D(fg) (X X)) Er(D(M))=C(M), or I=w(D(fg)
N(X XIIg)) Ex(D(M)) =®(M).

4.2. We wish to show that every ultrafilter ® in the Boolean algebra of
all subsets of II and every ultrafilter U in B(X) can be realized as ®(M) and
U(M) respectively. In order to do this, we introduce two methods of con-
structing maximal ideals in C(X, Z).

DEFINITION 4.2.1. Let ® be an ultrafilter in the Boolean algebra of all
subsets of II. Let & C(X, Z) be such that f(x) #0 for all x and w(D(f)) €¢.
Define

J(f,®) = {g € C(X, 2)| D(g) 2 D(f) N (X X Iy), some I, € @}.

LEMMA 4.2.2. J(f, ®) is a proper ideal of C(X, Z). If M is a maximal ideal
containing J(f, ®), then ®(M)=0.

Proof. Since f(x) #0 for all x, D(f)N\(X XII,) € D by 2.1.5. By definition,
J(f, ® = D'(g), where J is the filter in D which is generated by
{D(HNX XMe)|IL,E®}. Notice that w(D(HNX X)) =m(D(f))NII,
# f, since 7(D(f)) €@. It follows from 2.3.1 and 2.3.4 that J(f, ®) is a proper
ideal of C(X, Z). Moreover, if M is a maximal ideal containing J(f, @), then
®(M) 2m(D(J(f, ) 2 {m(D(f)) NLo| L, €¢}. Thus, ®(M) =6.

By 4.2.2 we infer that 3(X) is not empty (see 3.3.1).



1961] RINGS OF INTEGER-VALUED CONTINUOUS FUNCTIONS 385

CoRrOLLARY 4.2.3. If X is not a ZPC space, then I,S(X )I =2°. Moreover,
if Iy <5 an infinite subset of I, there exists M S 3(X) such that I, EC®(M).

Proof. By 3.3.3, M€ B3(X) if and only if ®(M) is a free ultrafilter in the
Boolean algebra of all subsets of II. But there are precisely 2° such free ultra-
filters (see [2, p. 131]) and any infinite IT, is contained in at least one of them.

4.3. The second method of constructing maximal ideals is more direct:
from an ultrafilter in B(X), one obtains a maximal ideal explicitly. This
construction is well known, but has apparently never been published.

DerFINITION 4.3.1. A function fEC(X, Z) is called prime-valued if for all
x, | f(x)| is either one or a prime.

Evidently, f is prime valued if and only if the sets D(f), contain at most
one prime.

DEFINITION 4.3.2. Let U be an ultrafilter in B(X). Let fEC(X, Z) be
prime-valued and satisfy £(D(f)) €. Define

M(f,u) = {g € C(X, Z)| D(g) 2 D(f) N\ (V X ), for some V  u}.

LeEmMA 4.3.3. M(f, W) is @ maximal ideal in C(X, Z). Moreover, W(M(f, W))
=,

Proof. As in the proof of 4.3.2, M(f, W) is a proper ideal of C(X, Z) and
ED(M(f, W) 2{£(D(N)NV| VEU}. Suppose that g€ C(X, Z) — M(f, W).
Let V=£(D(f)ND(g)). Then since f is prime-valued, D(f)M\D(g) = D(f)
N(VXII). Hence V& . Therefore Ve&U. Let R C(X, Z) be defined by
h(x)=1 for x&V and k(x) =f(x) for x& Ve. Then D(k)=D(f)N(VeXII), so
that k&M (f, WU). Moreover, D(g)N\D(h)=D(/)N(VXIN(VeXII) =K.
Hence, (g, #) =1. Since g was arbitrary, M (f, U) is maximal. Since W(M(f, U))
is a proper filter containing U, the last statement of the lemma is clear.

COROLLARY 4.3.4. If M is a maximal ideal which contains @ prime-valued
function f, then M = M(f, W(M)).

Proof. Note that since f& M, £(D(f)) € U(M). Suppose that
REM(f, W(M)). Then by definition, there exists g& M such that D(k)
2D(/)N(E(D(g)) XI) 2D(f)ND(g) =D((f, g)). Thus, k€D Y(D(M)) =M.
This shows that M(f, W(M))C M. Since M(f, W(M)) is maximal by 4.3.3,
equality must hold.

4.4. The construction of 4.3.2 provides a method of obtaining all maximal
ideals in C(X, Z) which contain a prime-valued function f. However, this
does not yield all maximal ideals, as we will now show.

LemMMA. If X is not a ZPC space, then C(X, Z) contains maximal ideals M
such that no prime-valued function in C(X, Z) belongs to M.

Proof. Let { V;} be an infinite partition of X with V& for all 4. For
each i, let ®;CII satisfy |®;| =4. Define B=U;., V:X®,. Note that BE ®.
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Moreover, if fi, fa, - * -, fx are prime-valued, then BN(D(f1))*\(D(f2))*
N -« - N\(D(fr))*#= &. Indeed, if >k, and if xE V;, then among the 7 primes
of ®;, there must be one which is distinct from the prime divisors of fi(x),
fa(x), -+ -, fe(x) (which are at most k in number). If p is such a prime, then
{x, pYEBN(D(f))*N(D(f2))MN - - - N(D(fi))e. Let M be an ultrafilter of D
which contains all the sets BN(D(f1))*\(D(f2))M - - - N(D(fi))¢, where
Ji, fay + -+, fx range over all prime-valued functions and k=1, 2, - - - . Note
that these sets belong to ® by 2.1.6. Finally, let M=D"1(9). Then M is a
maximal ideal of C(X, Z). If f is any prime-valued function, then f & M, since
D(f)N(BN(D(f))) = &.

Note that any ideal M which contains no prime-valued function is neces-
sarily an element of 3(X) (by 3.3.4).

4.5. In some instances, the existence of a prime-valued function in M
simplifies the study of the residue class field C(X, Z)/ M. In this article, we
will show that this simplification can always be achieved at the expense of
changing the space X.

LEMMA 4.5.1. Let { V:} be a partition of X. Then
¢:C(X,2)— 1] c(vy, 2),

defined by ¢(f)=(- - -fl Vi--+), is an isomorphism of C(X, Z) onto the
direct product of the rings C(V,, Z).
LeEMMA 4.5.2. Let n#0 and denote by ¢, the natural homomorphism of Z

onto Z,. Then the mapping f—d,0f is a homomorphism of C(X, Z) onto
C(X, Z,) with the kernel nC(X, Z). Thus, C(X, Z2)/nC(X, Z)=C(X, Z.).

LEMMA 4.5.3. Let p1, - -+, Di be distinct primes. Then the mapping
f_) (¢p1°fs ) ¢pk°f)
is a homomorphism of C(X, Z) onto [[t., C(X, Z,,) with kernel nC(X, Z),
where n=7p; - - « pr. Hence,
k
C(X, z,) 21 C(x, Z,).
t=1
These lemmas are easily obtained from 1.2 and 1.3.1.

THEOREM 4.5.4. Let F=C(X, Z)/ M, where M is a maximal ideal. Then for
a suitable space X, there is a maximal ideal My in C(X,, Z) such that
C(Xo, Z)/ My==F and M, contains a prime-valued function,

Proof. By 2.4.1, M contains a function f such that for all x€X, either
f(x)=1, or f(x) is a product of distinct primes. Let 71, ns, - - - be an enumer-
ation of all integers such that the set V= {xEX | f(x)=n;} is not empty.
Then each homomorphism of the following sequence is onto:
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CX,2)— Il c(vy, 2) = [T €V, 2)/nC(Vs, 2)) = 11 C(Vs, Z0)).

The mappings of this sequence are the ones defined in 4.5.1 and 4.5.2. It is
easy to see that the kernel of the composition of these homomorphisms is pre-
cisely fC(X, Z). Thus, by 4.5.3, F is a homomorphic image of [[: C(V;, Z.,)
=1 II%, c(v,, Zy.;), where n;=pqa - - - pay. Let Xo be the topological
sum of the spaces W;, which are themselves topological sums ViU - - - U Vi,
of homeomorphic copies of V;. (If n;=1, let W;=.) Define fo(x) = p; for
xE V;j. Then fo&C(X,o, Z) and by the first part of the proof
k(1)
C(Xo, 2)/feC(X0, 2) = [T I C(V;, Z,,).
i =1
Thus, there is a homomorphism of C(X,, Z) onto F whose kernel M, contains
the prime-valued function fo.
The proof of 4.5.4 shows more than is stated. This surplus information
will be useful later.

COROLLARY 4.5.5. Let I, E®(M), where M is a maximal ideal of C(X, Z).
Then there exist spaces U, for each pEIly such that C(X, Z)/M is a homo-
morphic image of the ring [[pems C(Upy Zp).

Proof. This is clear if X is a ZPC space. Suppose that X is not ZPC. In
the proof of 4.5.4, choose f initially so that v (D(f)) =II,. Then the argument
given shows that C(X, Z)/ M is the homomorphic image of [],en, C(U,, Z,),
where U, is the topological sum of all those spaces V;; for which p,;=p.

5. Cardinality of residue class fields. The object of this section is to prove
two results concerning the cardinality of the residue class fields C(X, Z)/ M,
where M is a maximal ideal of C(X, Z). In view of 3.2.3, we may as well as-
sume that X is not a ZP(C space and that M€ 3(X).

5.1. We first establish a general result.

THEOREM 5.1.1. If M€ B(X), then C(X, Z)/ M 1is uncountable.

Proof. By 4.5.4, we may assume that M contains a function f such that
for all x, either f(x) =1 or f(x) is a prime. Let p1, ps, - - + be an enumeration
in order of magnitude of those distinct primes p such that f(x) =p for some
xEX. Since M€ 3(X), this sequence is infinite (see 3.3.4). Note that p;>j
for j=1, 2, --. Let Vo={xEX|f(x)=1}, V;={xEX|f(x)=5;}. Then
{ V;} is an infinite partition of X. Suppose that g, g5, - - - is any sequence
of functions in C(X, Z). We will show that there is an k& C(X, Z) such that
D()ND(h—g) XX {p1, -+ +, pin}. Since MECB(X), this implies that
D(h—g)ND;= for some D;ED(M), by 3.3.3. Therefore, h—g;EM by
2.3.6. This will complete the proof. For each 1>0, let { Vi;} be a partition
of V; such that all of the functions g1, gz, * - -, g: are constant on each of
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the open-and-closed sets V;;. Define % by the following conditions: A(x) =0
for x&Vy; h(x) =n; for xE V,;, where #;; is any integer which is not con-
gruent modulo p; to any of the numbers gi(x), - - -, gi(x), x& V;; (which are
independent of the choice of x by the definition of V;;). This is possible since
p:>1. It then follows that p; does not divide any of the numbers h(x) —gi(x),

oo, B(x) —gi(x), if xE V. Thus, D(f)ND(h—g) SX X {p1, - * +, i}, as
required.

COROLLARY 5.1.2. If ME B(X), then the transcendence degree of C(X, Z)/ M
over its prime field is uncountable.

5.2. We now establish the existence of residue class fields of arbitrarily
large cardinality. The proof is a slight modification of the proof of the cor-
responding result for rings of real-valued continuous functions given in [2,
p. 166].

THEOREM. Let X be a discrete space of infinite cardinality o. Then C(X, Z)
contains a maximal ideal M such that the cardinality of C(X, Z)/ M is greater
than o.

Proof. Let {F,IxEX } be an indexing of the finite nonempty subsets
of X by elements of X. For yEX, define V.= {yEX|xEF,}. That is,
yEV, if and only if xEF,. In particular, if F,= {xl, cee xj}, then yEV,,
M+ -+ NV, Thus, there is an ultrafilter U of B(X) containing all V..
For each x€X, choose p,EIl such that p, exceeds the number of elements in
F.. Define fEC(X, Z) by f(x)=p, for all x. Let M= M(f, U) as in 4.3.2.
We wish to prove that the cardinality of C(X, Z)/M exceeds . Suppose
ECC(X, Z) has cardinality at most a. Index E by X, allowing repetition:
E= {g,,|y€-X}. We will define hEC(X, Z) so that h—g, &M for all yEX.
This will complete the proof. For x € X, let h(x) be any integer which is dis-
tinct modulo p, from all of the numbers {gy(x)IyEF,}. That is, if yEF,,
then p, does not divide h(x) —g,(x). This is possible since F. contains fewer
than p. elements. It follows from this choice that for a fixed y, f(x) does not
divide k(x) —g,(x) if x€ V,. That is,

D(h— g) N (D(HN (Vy X)) = .

Consequently, h—g, & M.
6. Arithmetic properties of residue class fields.
6.1. DEFINITION. An arithmetic sentence is a formal expression

4= [Q](P()\h Aoy o, ) = 0),

where
(@) P(Ai, Ny, - - -, o) is a formal polynomial, that is, a sum or difference
of products of the variables Ay, Ag, + * -, N\x and the individual constant 1,
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(b) [Q]=(QN\)(Q:\) - - - (QuNs), with each Q; one of the quantifiers 3
orV.
For example,

(WAD)(2A)AAe — Az — X+ 1+ 1=0)

is an arithmetical sentence. Since we will only be concerned with arithmetical
sentences as statements about commutative rings with identity, it can be
assumed that the formal polynomials involved satisfy the laws of commuta-
tiverings. Thus, forinstance, the sentences (WA1) ( IN2) (— A1 +A A+ —1=0)
and (VA1) ( 2Nz) A2heh1—1=0) will be considered as equivalent. Moreover, it is
convenient to introduce exponents as abbreviations for repeated products and
numerical constant coefficients as abbreviations for repeated summands.
Thus, instead of MM, AiF+M+M 4Ny, 1+1, we write X3, 4\;, 2 respectively.

NoOTATION. Let I={(4, 73, - - -, 4,) be an ordered subset (possibly empty)
of (1,2, -+, n). Write Ar for \i;, Niy, * * +, Ni,), 3 for (3N)(3N,) - - -
(3\;,) and WA for (WA;) (WAs,) - - - (WAS).

6.2. We will be concerned with the interpretation of arithmetical sen-
tences in commutative rings, particularly fields. With such an interpretation,
formal polynomials take on their usual meaning as operations defined on the
ring. Arithmetical sentences become statements of arithmetical properties of
the ring which may either be true or false in any particular model. It is pos-
sible to give a formal definition of the interpretation of arithmetical sentences
and in particular of the validity of arithmetical sentences in a given ring (see
[9] for example). We prefer however to proceed informally.

DEFINITION. Let R be a commutative ring with an identity. Then the
arithmetical sentence

(v)‘fl)(a)\xl) T (V)\I,)(E')\K,)(P(M, >‘Kv ) >‘In )‘Kr) = 0)

is valid in R if there exist functions

Eio‘fn T )‘I,'): R X ---X Rli'_)RKiy
such that for every (\r,, - - -, A[,)ERIX - - - XRF, we have
P()‘In El()\ll)’ e a>‘[n E"O‘In ) >‘fr)) = 0.

It is not hard to show (using the axiom of choice) that this definition of
validity agrees with the usual formal concept of validity.

6.3. The notion of an arithmetical sentence is very general. In fact, any
first order statement about a field can be expressed as an arithmetical sen-
tence. That is, given any first order sentence .S in the formalism of ring theory,
there is an arithmetical sentence A4 such that for any field F, S is valid in F
if and only if 4 is valid in F. This assertion is an easy consequence of the
following observation.

LEMMA. It is possible to deduce from the axioms of field theory
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(a) N(P(AI)AZ) Tt ’>\n) = 0) = (5#)(141)()\1,)\2, e ,7\,.) —-1= 0),
(b) (Pl(klaxﬁ$' ‘ ',>\n) =O)V ° 'V(Pr()\l,x%' ° °-An) =0)
EP1(>\1,)\2.‘ . ',)\n) . ‘P,-()u,)\z,"',)\n) = 0.

6.4. We are now ready to state and prove the main result of this section.

THEOREM 6.4.1. Let A be an arithmetical sentence. Let o= {pCII| A is
valid in Z,,} . Suppose that X is any space and M is a maximal ideal of C(X, Z).
Then A is valid in C(X, Z)/ M if and only if II,&€®(M).

The proof of this result uses several simple lemmas, the first two of which
are well known (see [6] and the references given there).

LEMMA 6.4.2. Let A be valid in the ring R. Suppose that R is a homomorphic
image of R. Then A is valid in R.

LEMMA 6.4.3. If A is valid in each of the rings R;, then A is valid in the direct
product []: R..

LeMMA 6.4.4. If A is valid in Z,, then A is valid in C(V, Z,) for every space
V.

Proof. Let 4 =(VAr)(3Nk,) - - - (WAL)(3Nk,)(PA1yy Mgy - - My Ag,)
=0). Since 4 is valid in Z,, there exists &\, - - -, )\zj):Z,f‘X < XZ,f‘
—ZKi such that P(\r,, £6Q\r), - - -, A1, &y, ¢ -+, N,)) is identically zero
in Z,. Define &(fr,, - -+, f1,): C(V, Z)nX - - - XC(V, Z)i—-C(V, Z,)Ki

by

Ei(ffn te :ffj)(x) = Ei(fh(x)) te ,ffj(x))°
The important thing to notice is that since Z, is discrete, §; actually does
map into C(V, Z,)%i. Now clearly P(fr,, &(f1,), * - *, fr, &(fry, - - -, f1,) is
identically zero. Thus, by definition, 4 is valid in C(V, Z,).

Proof of 6.4.1. Assume that II,E®(M). By 4.5.5, C(X, Z)/M is a homo-
morphic image of [[,en, C(V,, Z,), for suitable spaces V,. Consequently, 4
is valid in C(X, Z)/M by 6.4.4, 6.4.3 and 6.4.2. Now suppose that II, E®(M).
Then by 4.1.4, I{E®(M). Moreover, ~A4 is valid in Z, for all p€1I§. Thus,
by 6.3 and the first part of the proof, ~A4 is valid in C(X, Z)/M. Thus, 4 is
not valid in C(X, Z)/ M.

COROLLARY 6.4.5. Let X be an arbitrary space. Suppose that A is an arith-
metical sentence. Then A is valid in C(X, Z)/ M for every ME 3(X) if and only
if A is valid in Z, for almost all primes p.

COROLLARY 6.4.6. Let X be a space which is not Z-pseudocompact. Let
Ay, A, - - - be a sequence of arithmetical semtences. Define II;= {pGHIA; is
valid in Z,,}. Then there exists a maximal ideal M belonging to 3(X) such that
each of the sentences Ay, As, - - - 4s valid in C(X, Z)/ M if and only if every
intersection ILNII,N - - - NI, contains infinitely many primes.
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6.5. We will use the results of 6.4.5 to obtain some properties which are
common to all residue class fields of C(X, Z).

THEOREM 6.5.1. If M is a maximal ideal of C(X, Z), then the field C(X,Z)/ M
s quasi-algebraically closed. That is, every homogeneous form of degree d in n
variables with n>d has a nontrivial solution in C(X, Z)/ M.

Proof. Let P(ur, A, -, N) = Z;ez M\, - - -, Na), where
Mi(\y, - - -, \,) ranges over all monomials of degree d in Ay, - - -, N, Let
Px(/.tl, )\1, c vty )\n)=P(#I, 1; X2, Ct Yy, )\n)P(I-”y x1’ 1) T, xn) v
P(ur, A1, Az, - + -, 1). Define A,q to be the arithmetical sentence

(VFI)(E)\K)(PX(”'D >‘K) = 0)1 K= <1’ t Ty n)‘

The statement that a field F is quasi-algebraically closed is equivalent to the
statement that A,q is valid in F whenever »>d. Since every finite field is
quasi-algebraically closed (see [1]), it follows from 6.4.5 that C(X, Z)/M
is quasi-algebraically closed for every maximal ideal M.

COROLLARY 6.5.2. Every element of C(X, Z)/ M can be represented as a sum
of two squares.

Proof. If C(X, Z)/ M=2Z,, this is trivial. Otherwise, the assertion follows
from 3.3.2, 6.5.1 and the theory of quadratic forms (see [5, p. 41}).
Although the residue class fields of C(X, Z) are quasi-algebraically closed,

they can never be algebraically closed. This observation is due to Professor
J. R. Isbell.

THEOREM 6.5.3 (ISBELLj. If M is a maximal ideal in C(X, Z), then
C(X, Z)/ M is not algebraically closed. In fact, unless C(X, Z)/ M=2Z,, there is
an element N in C(X, Z)/ M which has no square root.

Proof. The sentence (W\)( 3u)(u2—N=0) is not valid in Z, for each prime
p>2. Thus, if {2}°E@(M), the sentence is not valid in C(X, Z)/M by 6.4.1.

6.6. We will now consider the set of all algebraic elements of the field
CX, 2)/M.

DEFINITION 6.6.1. Let M be a maximal ideal in C(X, Z). Denote by @(M)
the set of all elements of C(X, Z)/M which are algebraic over the prime field.

Thus, if MEP(X), then @(M)=C(X, Z)/M=Z, for some prime p. On
the other hand, if M& 3(X), then @(M) is a proper subfield of C(X, Z)/M
by 5.1.2. We will prove that @(M) is uniquely determined by the ultrafilter
e(M).

THEOREM 6.6.2. Let M; be a maximal ideal in C(X;, Z) for i=1, 2. Suppose
that ®(M,) =®(Ms). Then Q(My) =@ (My).

Proof. By 3.3.3, we may assume that M; and M, are in 3(X). Then
using 6.4.1 the theorem is a consequence of the following algebraic result.
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LEMMA 6.6.3. Let Fy and F, be subfields of the algebraic closure Q of the
rational field Q. Suppose that { PEQ[N]| P has a root in Fi} = { PEQ[\]| P has
a root in Fz}. Then Fi=2F,.

Proof. It suffices to show that there is an isomorphism ¢ of F; into F,.
For then by symmetry there is an isomorphism y of F; into Fi. The isomor-
phism ¢y of F;, into itself is necessarily onto. Indeed if E is a finite normal
subfield of ©, then ¢y (ENF;) CENF,; and since [¢p¢(ENFy): Q] = [ENF,: Q],
equality must hold. However every element of F; is in a finite normal sub-
field of . Thus ¢y is onto and consequently so is ¢. Let & be the group of all
automorphisms of €. Then, as is well known, ® is a compact topological
group with the topology defined by taking for a neighborhood basis of the
identity those subgroups Mg consisting of all automorphisms which leave
fixed all the elements of a finite extension E of Q. If E is a finite subfield of
Fy, let Re= {¢E@|¢(E)§F2}. First note that &g is closed in ®. In fact,
KeNe= K& so that the complement of Kz is a union of cosets of the open
subgroup Ng. Also, 8¢ is not empty. Indeed, E=Q(a) for some a € F;. Let
P be the field polynomial of & over Q. Then by the hypothesis of the lemma,
there is an &’ € F, such that P(a’) =0. Consequently, there is an isomorphism
¢ of E into F, and this can be extended to an automorphism of € which, by
its definition, belongs to k. Since the finite subfields of F; are directed by
inclusion, it follows that the closed sets £z have the finite intersection prop-
erty. The compactness of @ implies that there is an automorphism ¢ of Q
such that ¢(E)CF, for all subfields E of F; which are finite over Q. Thus,
¢(F1) ©F,. This completes the proof of 6.6.3 and 6.6.2.

6.7. The fields @(M) cannot be entirely arbitrary. This is shown, for
example, by the following result.

THEOREM 6.7.1. If ME B(X), then the field Q(M) has infinite degree over
its prime field.

Proof. If p is any prime, and if m and » are integers, then at least one of
the quantities m, n or mn is a quadratic residue modulo p. That is, the sen-
tence (IN)(A2—m)(N2—m)(N\*—mn) =0) is valid in Z, for every p. Conse-
quently, by 6.4.5 it is valid in C(X, Z)/M for every M. Thus, for any two
elements 7, 7 of the prime field of C(X, Z)/ M, at least one of , 7 or 7% has
a square root in Q(M). If M & B(X), various choices of 7, % will give an in-
finite linearly independent set over the prime field of G(M).

The question of which fields can be realized in the form ®@(M) seems to
be difficult. One might hope that all such fields are normal. However this is
not the case. ‘

ExaMPLE 6.7.2. If X is not a ZPC space, then there is a maximal ideal
M& 3(X) such that @(M) is not normal over its prime field.
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Proof. It is well known (see, for example, [7, p. 116]) that the congruence
N+42 (mod p) has exactly one solution if p is a prime of the form 6m—1,
m=1. Let I, be the set of all such primes. Then the arithmetic sentence
A1=(3N)(N*—=2=0) is valid in Z, for all p&II,. On the other hand, the
sentence

Az = (3N)(3N)(3Ns) (Wu1) (War2) (Wres) (1M1 + A2 + Ns)
+ p2(AAz + Ao 4 A1) + ws(AAaAs — 2) = 0)

fails to be valid in each Z, with pEIl,. Indeed A4, is valid in a field F if and
only if the polynomial N®—2 splits completely in F. Let M be a maximal
ideal in 3(X) such that II,&®(M). Such an ideal exists by 4.2.3. By 6.4.1,
A,isvalid in C(X, Z)/ M, but 4, is not valid in C(X, Z)/M. Thus G(M) con-
tains precisely one root of the polynomial A\*— 2. Therefore @(M) is not nor-
mal.

We conclude this section by showing that the field of all algebraic numbers
can be realized in the form Q(M).

ExaMPLE 6.7.3. If X is not a ZPC space, then there exists a maximal ideal
MeE 3(X) such that @(M) is algebraically closed.

Proof. Let Py, P,, - - -+ be an enumeration of all monic polynomials in
the indeterminate N with integral coefficients. Let 4;=(3\)(P;(\) =0), and
let II;= {pEHI A;is valid in Z,}. In view of 6.4.6, it is sufficient to prove the
following two lemmas.

LeMMma 6.7.4. For any n, ILNIL,N - - - NI, is infinite.

LEMMA 6.7.5. If F is a field of characteristic zero in which Ay, A., - - - are
all valid, then F contains the algebraic closure of its prime field.

Proof of 6.7.4. Let K be the subfield of the complex numbers which is
generated by the roots of Py, - - -, P,. Then K is a finite, normal extension
of the rational field Q. Let 8 be an algebraic integer such that K=Q(#). Let P
be the field polynomial of 8 over Q. Then P is a monic, irreducible polynomial
with coefficients in Z. Let d be the discriminant of P. Since P has roots mod-
ulo an infinity of primes, it is sufficient to show that if P has a root modulo p
and p does not divide d, then each of the polynomials Py, - - -, P, has a root
modulo p. If p does not divide d, the roots of P modulo p are distinct. If also
P has a root modulo p, Hensel's Lemma implies that there is a p-adic integer
a such that P(a)=0. Consequently, the field Q() is isomorphic to Q(f).
Therefore Py, P, - - -, P, split in Q(a). In particular, there exist p-adic
integers B, - - -, B, such that Py(81) = - - - =P.(B.) =0. It follows that each
P; has a root modulo p.

Proof of 6.7.5. If 4,, As, - - - are all valid in F, then clearly every poly-
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nomial of positive degree with rational coefficients has a root in F. Thus,
6.7.5 is a special case of 6.6.3.

7. Unsolved problems.

7.1. How close is the relation between the algebraic structure of C(X, Z)/ M
and the filter ®(M)? In particular, does C(X, Z)/M=C(X, Z)/N imply
®(M)=@®(N)? Note by cardinality considerations that there exist ideals M
and N such that @(M)=2@(N) and (M) #=®(N).

7.2. What relations exist between the ultrafilters ®(M) and U(M)? It is
clear, for example, that if W(M) is fixed, then the same is true of ®(M).

7.3. For maximal ideals M and N of C(X, Z), do the equalities ®(M)
=@®(N) and W(M)=U(N) imply the equality M=N?

For convenience in stating the next three problems, let us say that a field
Fis a residue class field if there is a space X and a maximal ideal M in C(X, Z)
such that F=C(X, Z)/ M.

7.4. What are the possible cardinalities of residue class fields? If F is a
residue class field, is it true that | F|Re=| F|?

7.5. If F; and F; are residue class fields which are contained in a field F,
is there a residue class field containing a field isomorphic to F?

7.6. If F is a residue class field, is there a discrete space X and a maximal
ideal M in C(X, Z) such that F=~(C(X, Z)/M? Note that the corresponding
problem for @(M) has an affirmative solution by 6.6.2 and 4.2.2.
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